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We introduce a coupled wire model for a sequence of non-Abelian quantum Hall states that
generalize the Z4 parafermion Read Rezayi state. The Z4 orbifold quantum Hall states occur at
filling factors ν = 2/(2m− p) for odd integers m and p, and have a topological order with a neutral
sector characterized by the orbifold conformal field theory with central charge c = 1 at radius
R =
√
p/2. When p = 1 the state is Abelian. The state with p = 3 is the Z4 Read Rezayi state, and
the series of p ≥ 3 defines a sequence of non-Abelian states that resembles the Laughlin sequence.
Our model is based on clustering of electrons in groups of four, and is formulated as a two fluid
model in which each wire exhibits two phases: a weak clustered phase, where charge e electrons
coexist with charge 4e bosons and a strong clustered phase where the electrons are strongly bound
in groups of 4. The transition between these two phases on a wire is mapped to the critical point
of the 4 state clock model, which in turn is described by the orbifold conformal field theory. For
an array of wires coupled in the presence of a perpendicular magnetic field, strongly clustered wires
form a charge 4e bosonic Laughlin state with a chiral charge mode at the edge, but no neutral mode
and a gap for single electrons. Coupled wires near the critical state form quantum Hall states with
a gapless neutral mode described by the orbifold theory. The coupled wire approach allows us to
employ the Abelian bosonization technique to fully analyze the physics of single wire, and then to
extract most topological properties of the resulting non-Abelian quantum Hall states. These include
the list of quasiparticles, their fusion rules, the correspondence between bulk quasiparticles and edge
topological sectors, and most of the phases associated with quasiparticles winding one another.
I. INTRODUCTION
Recent works have studied the two dimensional quan-
tum Hall effect as a set of coupled planar parallel
quantum wires subject to a perpendicular magnetic
field[1–14]. The easiest case to consider is that of
the integer quantum Hall effect, where interactions be-
tween electrons are not essential. The fractional quan-
tum Hall states require interactions, and the coupled
wire description enables the application of bosonization
techniques[15, 16] for the analysis of these interactions.
As expected, among the fractional quantum Hall states
the Laughlin ν = 1/m “magic fractions”[17] are eas-
iest to handle, with the complexity increasing when
dealing with hierarchy states. The non-Abelian quan-
tum Hall, including the Moore Read state[18] and Read
Rezayi states states[19] were reproduced by coupled wire
constructions[2], but at the cost of introducing a spatially
modulated magnetic field.
In our earlier paper[20], to which the present paper is a
companion, we showed how to use a coupled wire model
to construct non-Abelian states that are a result of clus-
tering of electrons into pairs. These states, of which the
best known is the Moore-Read Pfaffian state[18], may
also be described as various types of p-wave supercon-
ductors of Chern-Simons composite fermions[21]. Our
construction combined the two ingredients common to
all Read-Rezayi non-Abelian quantum Hall states: the
clustering of electrons (in this case into pairs) and the
construction of an edge made of a chiral charge mode
that is a Luttinger liquid and a chiral neutral mode that
is described by a Conformal Field Theory (CFT) of a
fractional central charge. It did not require a modulated
magnetic field.
In this work we focus on another set of non-Abelian
states, in which electrons cluster to groups of four, and
the neutral edge mode is described in terms of an orbifold
theory[22, 23]. The Read-Rezayi series of non-Abelian
states[19] is based on the construction of clusters of k-
electrons at filling factors ν = k/(mk + 2) (with m odd)
or the clustering of k-bosons at ν = k/(mk + 2) (with
m even). In both cases it may be viewed as a Bose con-
densate of these clusters, which, due to Chern-Simons
flux attachment, may be mapped onto Bosons at zero
magnetic field. The Read-Rezayi series span all positive
integer values of k.
The case of k = 4 is unique. On one hand, it is too
complicated to allow for a quadratic mean field Hamilto-
nian description. On the other hand, we show here that
it does allow for a rather detailed and transparent anal-
ysis of its many-body Hamiltonian. Our work highlights
the connection between the coupled wire model and the
c = 1 orbifold theory developed by Dijkgraaf, Vafa, Ver-
linde and Verlinde[26], which formed the basis for the
analysis of orbifold quantum Hall states carried out by
Barkeshli and Wen[27].
The space of conformal field theories with c = 1 was
studied extensively in the 1980’s[22–24, 26], and has the
structure depicted in Fig. 1. It includes two intersect-
ing lines of continuously varying critical points, denoted
the “circle” line and the “orbifold” line. The circle line
is equivalent to the theory of an ordinary single chan-
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FIG. 1. Conformal field theories with c = 1 include two in-
tersecting lines of continuously varying critical points[23, 24].
The horizontal line describes a free boson compactified on
a circle of radius Rcircle, while the vertical line describes a
free boson compactified on an orbifold of radius Rorbifold[25].
The circle theory at Rcircle =
√
2 and the orbifold theory
at Rorbifold = 1/
√
2 are equivalent and related by an SU(2)
symmetry. The Z4 orbifold states studied in this paper form a
sequence analogous to the Laughlin sequence, and have edge
states with a neutral sector described by the orbifold theory
at Rorbifold =
√
p/2, where p is an odd integer, indicated by
the solid blue circles.
nel Luttinger liquid, which can be described as a free
boson ϕ with Lagrangian density (∂µϕ)
2/8pi compacti-
fied on a circle, so that ϕ ≡ ϕ + 2piRcircle[25]. The ra-
dius Rcircle is related to the Luttinger parameter K, and
specific radii describe rational CFT’s of interest. The
value Rcircle = 1/
√
2 is the theory of the spin sector
of SU(2) fermions, described by SU(2)1, or equivalently
U(1)2, with K = 2. The edge states of bosonic Laughlin
states at filling ν = 1/m with m even are described by
Rcircle =
√
m/2. Fermionic Laughlin states at ν = 1/m
are described by the circle theory at Rcircle =
√
m with
a constrained Hilbert space. In particular, for ν = 1, the
free Dirac fermion is at Rcircle = 1.
The orbifold theory is a variant on the Luttinger liq-
uid model, and describes a free boson compactified on a
circle with radius Rorbifold in which angles θ and −θ are
identified. The orbifold theory at Rorbifold = 1/
√
2 and
the circle theory at Rcircle =
√
2 (describing U(1)8 - or
K = 8) are equivalent and are related by a hidden SU(2)
symmetry, which will play a key role in our analysis. The
orbifold theory at specific radii correspond to theories of
interest, including doubled Ising model at Rorbifold = 1,
the Z4 parafermion CFT at Rorbifold =
√
3/2 and the 4
state Potts model at Rorbifold =
√
2.
The Z4 orbifold states that we will construct in this
paper occur at filling factors
ν =
2
2m− p (1.1)
where m and p are odd integers. They have neutral
edge modes that are described by the orbifold CFT at
Rorbifold =
√
p/2. When p = 1, the state is Abelian, and
has an alternate description in terms of the circle CFT.
When p = 3 the orbifold state is equivalent to the Z4
parafermion Read Rezayi state. Our coupled wire formu-
lation takes advantage of the SU(2) symmetry mentioned
above, which allows for a description of the orbifold CFT
in terms of Abelian bosonization. This highlights the
similarity between the sequence of orbifold states states
for p = 1, 3, 5, ... and the Laughlin sequence of Abelian
states at ν = 1/m, and allows a rather detailed analy-
sis of the topological structure of the ground state and
quasiparticle excitations.
The rest of the paper presents our analysis. Sec. (II)
presents our results and the physical picture that we de-
velop to understand them. Sec. (III) analyzes a sin-
gle wire where the interaction between electrons favors a
clustering to k electrons. Sec. (IV) focuses on the case
k = 4 and shows how this case may be solved by exploit-
ing a hidden SU(2) symmetry. Section (V) constructs
quantum Hall states from single wires of the type dis-
cussed in Sec. (IV). Sec. (VI) analyzes the quasi-particles
of these states, and Sec. (VII) gives a concluding discus-
sion.
II. PHYSICAL PICTURE AND SUMMARY OF
RESULTS
A. Single Wire
1. General set-up
Our approach for creating a coupled wire description
of the k = 4 states is similar to our earlier construction of
k = 2 states[20]. It is a two-fluid model, both of the sin-
gle wire and of the entire system. For each wire we start
with two pairs of counter-propagating gapless modes: one
carries clusters of four electrons and is described by the
fields ϕ4, θ4; the other carries single electrons and is de-
scribed by the fields φ1L, φ1R. We then introduce two
interaction terms, one (u) that back-scatters single elec-
trons and one (v) that composes and decomposes clusters
into four electrons. The Hamiltonian density for a single
wire then takes the form
H = H0 +Hint (2.1)
where H0 is the Luttinger liquid Hamiltonian density for
the two pairs of fields, and the interaction Hamiltonian
density is
Hint = u cos (ϕ4 − 2φ1L − 2φ1R) + v cos (φ1R − φ1L)
(2.2)
When the second interaction term dominates there is an
energy gap for single electron excitations, and the sys-
tem is in a strongly clustered state. It carries a pair
of counter-propagating gapless cluster modes. When
the first term dominates the single wire is in a weakly-
clustered state in which one of the two pairs of counter-
3propagating modes is gapped. In this state there is no
energy gap for single electron excitations. The operator
that inserts a single electron with a vanishing energy cost
does so with the insertion of a winding to the phase of
the bosonic phase field of the clusters. Finally, in be-
tween these two phases there is a critical state in which
none of the modes is gapped[28].
2. A wire at the critical state
The nature of the critical state is what makes the k =
4 state unique when compared to k = 2, 3. While for
k = 2, 3 there is a single critical point, for k = 4 there is
a critical line, i.e., the low energy properties depend on
the value of u and v. Furthermore, while for k = 2, 3 the
central charge of the gapless state is fractional, for k = 4
it is an integer.
For the k = 4 case the competition of the u, v
terms in (2.2) is reminiscent of the quantum four-state
clock-model[29], composed of one dimensional lattice of
“clocks”. This model is a special case of the more general
Ashkin-Teller model[22, 23], which has recently appeared
in a number of contexts [28, 30–32]. In this model each
site hosts a phase degree of freedom φi. An interaction
term assigns an energy cost ∼ cos 4(φi − φi+1) to a phase
difference between neighboring site, while an on-site term
introduces a change of the local phase φi → φi ± pi2 . The
relative size of these terms determines whether the sys-
tem is in an ordered or disordered phase. As we describe
below, the critical state of the single wire of our problem
has much similarity with the critical state of the Ashkin-
Teller model. Like the latter, its low energy spectrum
includes an orbifold theory of central charge c = 1, whose
properties are analyzed in detail in Ref. 26.
Our focus here is on wires in the critical state. For
all values of k the kinetic energy of the two counter-
propagating pairs of modes is quadratic in the bosonic
fields that describe the modes, while the two compet-
ing interaction terms are cosines of combinations of the
bosonic fields, which do not commute with one another.
The non-commutativity of the interaction terms makes
the Hamiltonian generally difficult to handle. For k = 2
the fermionic language comes to the rescue, since the in-
teraction turns out to be quadratic in terms of properly
chosen Majorana fermions. For k = 4 the interaction
terms are not quadratic. However, the k = 4 case has
a hidden SU(2) symmetry, which is not apparent in Eq.
(2.2). Due to that symmetry, a properly chosen fermionic
representation allows for an expression of the interactions
as interactions of small momentum transfer, which al-
lows for their mapping onto a quadratic Luttinger liquid.
The nature of the mapping imposes constraints on the
Luttinger liquid, and these constraints translate into an
orbifold theory.
Our study hops between the fermionic and bosonic rep-
resentation of the one dimensional degrees of freedom
that we analyze. The bosonization approach to one di-
mensional systems allows for the definition of vertex op-
erators of the form eiα·φ where φ ≡ (φe,R, φe,L, φ4, θ4)T is
the vector of bosonic fields that describe the system and
α is a vector of real numbers. The value of α determines
the quantum statistics of the operator. When the compo-
nents of α are all integers, the operator is local, i.e., it is
composed of creation and annihilation operators of single
electrons and four-electron clusters within a localized re-
gion. All operators within a Hamiltonian must obviously
be local. In the case we consider, where the starting point
is that of two pairs of counter-propagating bosons, the
hidden SU(2) symmetry is brought to the forefront by
choosing a set of four vectors α that express the problem
in terms of two types of fermions, each having left and
right moving branches. When we assign the two types
of fermions a fictitious spin “up”/“down”, any operator
that involves the two types of fermions takes the form of
a spin-1/2 field. From here on we will use the term spin
freely, referring always to the fictitious spin. We will refer
to these newly defined fermions as “the SU(2) fermions”,
to distinguish them from the original (spinless) electronic
degrees of freedom. The one dimensional SU(2) fermions
may be described by two pairs of counter propagating
bosonic modes, which we denote by φs,a, with s =↑, ↓
denoting the spin direction and a = L,R denoting the
direction of motion.
The expression of the original degrees of freedom
in terms of SU(2) fermions is possible for all values
of k. It is useful for k = 4 due to three unique
characteristics[23, 28]. First, there is a simple criterion
that determines whether an operator expressed in terms
of the SU(2) fermions is local in terms of the original
electrons. This criterion states that a local operator is an
operator that changes the number of spin-down fermions
by an even number. Thus, the physical subspace of the
Hilbert space of the SU(2) fermions is constrained to the
states at which the number of down fermions is even,
and the local operators commute with the parity of the
number of spin-down fermions. Second, many of the op-
erators that are local in terms of the original electrons
turn out to be local also in terms of the SU(2) fermions
(exceptions will be elaborated on below). And third, at
the critical point the Hamiltonian takes a particularly
simple form in terms of the SU(2) fermions. The kinetic
term is an isotropic ferromagnetic coupling which does
not mix different chiralities. It is quadratic in the φs,a’s.
The critical interaction term couples the x-components
of the spins of right and left moving SU(2) fermions to
one another. So, not only is the Hamiltonian local with
respect to the fermions, it is also in a form that may be
diagonalized. Its diagonalization, however, requires us to
bosonize the SU(2) fermions, since the Hamiltonian is
quartic in SU(2) fermion operators.
In the bosonized language of the SU(2) fermions, the
x, y-components of the spin density are non-linear in
the bosonic fields φs,a, involving factors such as S
± ∼
exp±i(φa,↑ − φa,↓). In contrast, the z-component is lin-
ear, involving only Sz ∼ ∂x(ϕa,↑ − ϕa,↓). Consequently,
4it is desirable to rotate the spin axes by pi/2 around the
y-axis, such that the coupling of x-components of the
right- and left-moving spins becomes a coupling of the
z-components. Were it not for the constraint imposed
on the physical subspace, this would have been just a
renaming of axes. However, the rotation affects also the
constraint, transforming it to the statement that in the
rotated frame a local operator is an operator that is
invariant to the interchange of spin-up with spin-down
fermions.
When the transformation from the original degrees of
freedom to the rotated fermions is completed, the ef-
fect of the critical interaction is to transform the two
pairs of counter-propagating bosonic modes, of the clus-
ters and the single electrons, into two pairs of coupled
counter-propagating modes, of the spin-up and down
SU(2) fermions, subjected to a constraint on the allowed
operators and allowed states. The gapless modes of the
rotated fermions can then be described by a third and last
set of bosonic fields χrρ,a and χ
r
σ,a, where the super-script
r indicates the rotated frame, the subscripts ρ, σ indicate
charge and spin fields, and the subscript a indicates again
a direction of motion. The Hamiltonian is quadratic in
these fields, and the interaction term couples only the
spin fields. The Hamiltonian is diagonalized to a pair of
counter-propagating charge modes and a pair of counter-
propagating spin modes, with the only parameter in the
diagonalization being the relative strength of the critical
interaction to the kinetic term. This parameter deter-
mines the relative velocity of the charge and spin modes,
as well as the eigen-operators of the spin mode. The
eigenmodes mix the right- and left-moving fermions of
the non-interacting problem to create chiral eigenmodes
of the interacting one. There is a set of discrete values of
the critical interaction parameter λ for which the eigen-
operators of the spin modes create an integer number p
fermions of one chirality and p− 1 fermions of the oppo-
site chirality. This discrete set of λ’s play a special role
below. The most obvious example is the non-interacting
case, λ = 0, for which p = 1. Operators are local when
they are invariant to the transformation χrσ,a → −χrσ,a
for both a = R,L. The charge mode is not affected by
this constraint.
As mentioned before, the transformation from the
four electron clusters and single electrons to the SU(2)
fermions has the virtue that almost all local operators
in the original degrees of freedom correspond to local de-
grees of freedom in the fermionic representation. Notable
exceptions are the operators ei(2n+1)θ4 , with an integer
n. In the original degrees of freedom, the n = 0 operator
is an operator that introduces a 2pi kink into the field
φ4. When expressed in terms of the SU(2) fermions, it
becomes an operator that introduces a pi kink into the
spin field of the fermions.
B. From coupled wires to a quantum Hall state
Tunneling between wires forms a quantum Hall state
when it gaps the gapless modes in the bulk and leaves
gapless chiral modes near the edge[1, 2]. In an idealized
situation, that would happen when the tunneling opera-
tor couples only left movers of one wire to right movers
of a neighboring wire. In the present case each wire has
two counter-propagating pairs of modes. In the strong-
clustered and weak-clustered phases one of these pairs
is gapped by intra-wire interactions, such that inter-wire
tunneling needs to gap only one pair. In the critical state,
however, two tunneling terms are needed to gap the two
pairs of gapless modes.
To be effective, the tunneling terms should satisfy sev-
eral conditions: there must be a spectral weight for the
tunneling particle to tunnel into or out of a wire at the
chemical potential; the tunneling particle must be local;
and there must be a momentum balance. The sum of
the momentum that the tunneling particle takes from its
wire of origin and the momentum that it receives from
the Lorenz force when it tunnels should equal the mo-
mentum that is associated with the state to which it tun-
nels in the wire of destination. These requirements are
general to all wire constructions of quantum Hall states,
but some aspects of their application are unique to the
present context.
The identity of the particles that have a spectral weight
to tunnel at the chemical potential depends on the phase
that the single wire is in. In the strongly clustered states,
the only particles that may tunnel are clusters of four
electrons, which in the SU(2) language are described as
two spin-up and two spin-down fermions. Thus, each
cluster is spinless. In the critical state all particles can
tunnel at the chemical potential.
The notion of locality appears here twice. The tunnel-
ing particle must be local in terms of the electrons and
the 4-electron clusters. However, it does not have to be
local in terms of the SU(2) fermions, which are calcu-
lational constructs. It is to be expected, though, that
tunneling terms that are local also in terms of the SU(2)
fermions would be easier to analyze. Indeed, we study
quantum Hall states based on such terms here, and de-
fer those for which the tunneling terms are non-local in
terms of the SU(2) fermions to a future publication.
The balance of momentum is the major factor that de-
termines the filling factors for which quantum Hall states
are formed. The filling factors formed are those for which
when a charge q tunnels between states at the chemical
potential on different wires, the momentum it adds to
the electronic system in the wires equals the momentum
it receives from the Lorenz force, namely qBd, where d
is the inter-wire distance. For ν = 1, for example, a sin-
gle electron tunnels between two Fermi points, such that
eBd = 2kF = 2pine, which corresponds to ν = 1 (here
ne is the one-dimensional electron density). When the
tunneling event is accompanied by two intra-wire 2kF
scattering events, one in each of the participating wires,
5the momentum balance is eBd = 6kF , and the ν = 1/3
state is obtained.
For the present problem the condition for momentum
balance depends on the identity of the tunneling parti-
cle, which depends on the state of the individual wires.
Tunneling operators of 4-clusters have the form
ei(ϕ4+Lθ4+M(φ1R−φ1L)) (2.3)
Here and below L,M are integers, and nb is the number
density of the bosonic clusters. These operators involve
a momentum of 2pi(Lnb +Mne). When the wires are in
the strongly clustered phase, the only active degrees of
freedom are the bosonic 4e clusters, such that M = 0.
Based on tunneling operators with L = l Laughlin states
of cluster filling factor ν4e = 1/2l may be formed, which
correspond to electronic filling factors of ν = 8/l. The
states are Abelian, and the edge carries a single chiral
mode, with a central charge of one.
When the wires are in their critical states there are two
tunneling processes, aimed at gapping the charge and the
neutral modes. The charge mode is gapped by the same
operator that gaps it in the strongly clustered state - a
tunneling of a four-electron cluster, which corresponds to
the tunneling of two spin-up and two spin-down SU(2)
fermions. The charge mode is insensitive to the interac-
tion strength λ, and hence so is also the operator that
gaps it.
The operator that gaps the spin mode must tunnel
charge, so that it may get momentum from the Lorenz
force, and must carry spin, to couple to the spin mode.
A single electron tunneling is then the natural candidate.
Generally, the single electron tunneling operator is
ei(
1+m
2 φ1R+
1−m
2 φ1L+lθk). (2.4)
with m being an odd integer, and l an integer. The mo-
mentum involved is 2pi(mne + lnb). Close to the tran-
sition nb  ne, such that 4enb is approximately the to-
tal charge density, and the momentum balance condition
2pilnb = eBd translates to ν = 2/l. Furthermore, when
expressed in terms of the SU(2) fermions, the operators
(2.4) are local only for odd l, imposing the final restric-
tion on our analysis to filling factors of the form ν = 2/l,
with odd l.
The momentum balance, and hence the filling factor,
do not depend on the value of m in (2.4). This value is
determined by the requirement that the single electron
tunneling term gaps the spin mode. Since the eigenvec-
tors of the spin mode couple right- and left-moving elec-
trons in a way that depends on the interaction scale λ,
the tunneling operator should depend on the interaction
as well. As explained before, for a set of discrete value
λ(p) there is a single electron operator that couples only
to one chirality of the spin mode. For odd p, this happens
when m = (l + p)/2.
Expressing l in terms of m and p, we summarize this
subsection by saying that the analysis we present in this
paper takes us from the Abelian quantum Hall states
at ν = 2/(2m − p), which are formed by wires at their
strongly clustered phase, to quantum Hall states at the
same ν formed by wires at their critical phase. The phase
boundary between the two states is determined by the ra-
tio of intra-wire single electron back scattering and inter-
wire single electron tunneling. As we explain in the next
subsection, the latter states are non-Abelian.
As a final remark on the subject we note that when the
wires are in their weakly clustered phase, single electron
tunneling may lead to the formation of an anisotropic
quantum Hall state. A chiral charge mode then runs
along the entire edge, and a neutral achiral edge mode
exists along edges that are not parallel to the wires. The
properties of this state are quite similar to those of its
k = 2 counterpart[20].
C. Topological properties of the quantum Hall
states
The fractionalized quasiparticles of fractional quantum
Hall states are manifested in the ground state degeneracy
in a torus geometry, in the different topological sectors
of the chiral edge modes in an annular geometry, and as
gapped bulk excitations. Within the wire construction,
the first two manifestations are expressed in terms of op-
erators that create quasiparticle-quasihole pairs and po-
sition them on the two edges of the annulus or take them
around the torus. The bulk quasiparticle-quasihole pair
occurs as a kink-antikink pair in a bosonic phase vari-
able that is pinned to one of several degenerate values
in the system’s bulk[1, 2]. In Sec. (VI) we analyze both
edge and bulk quasiparticles. Here we describe the phys-
ical picture of bulk quasi-particles. We do so using the
language of the SU(2) fermions in the rotated system of
axes.
The quasiparticle content of the strongly clustered
quantum Hall states is rather easy to understand. The
states we consider here are Laughlin states of 4-electrons
clusters with the cluster filling factors being 1/8l, and l
being odd integer. Their K-matrix is the number 8l, and
their charge vector is the number 4. As such, they carry
8l fractionally-charged quasi-particles of charges Q/2l,
with Q = 1, ..., 8l. Within the wire construction, single
electron backscattering in each wire gaps the spin de-
gree of freedom and makes it irrelevant to the quantum
Hall physics, while cluster tunneling between neighbor-
ing wires gaps the charge degrees of freedom, except one
chiral mode at each edge. Within a bosonized descrip-
tion of the SU(2) fermions, cluster tunneling leads to the
pinning of a particular relative phase of the charge modes
of neighboring wires, which we denote by θ¯ρ and define
precisely in Eq. (5.19). This relative phase is pinned to
one of 8l possible values for which the energy is mini-
mal and degenerate. The quasi-particles reside between
wires, in the form of kinks in the pinned relative phase.
The charge Q of the quasi-particle is coupled then to the
phase jump between the start point and the end point of
6the kink, which is θ¯ρ = Qpi/4l.
When the quantum Hall state is formed of wires at the
critical state the spin modes are gapped by single electron
tunneling terms between neighboring wires. These terms
involve both the charge and the spin modes, and couple
them in an interesting way: when θ¯ρ is pinned to jpi/4l
with an even value of j, it pins a relative phase of the spin
sector θ¯σ (defined precisely in Eq. (5.34)) to one of p pos-
sible values which are evenly spaced. When the value of j
is odd, a different relative phase ϕ¯σ (defined precisely in
Eq. (5.34)) is pinned to one of p values which are evenly
spaced. The two phases ϕ¯σ, θ¯σ do not commute with one
another. As a consequence, kinks in θ¯ρ of even j may
come together with kinks in the pinned spin phase, be
it ϕ¯σ or θ¯σ. In contrast, kinks of odd j come together
with an excitation similar to the one occurring when two
counter propagating FQHE edge modes are gapped alter-
nately by a superconductor and by backscattering[33–37].
The appearance of this excitation makes the quasiparti-
cle associated with an odd value of j non-Abelian for all
values of p > 1. Excitations of this type will be referred
to as a twist fields, and will be denoted by σ, τ .
The interface between two regions with pinned non-
commuting phase variables is one of two sources for non-
Abelian quasiparticles. The other source is the constraint
imposed on the Hilbert space of the SU(2) fermions. In
the rotated basis, physical states should be invariant to
the interchange of spin-up and spin-down fermions. This
interchange may be expressed as a transformation on
the values of the bosonic phases ϕ¯σ, θ¯σ. The values to
which each of these phases may be pinned are either in-
variant under the transformation or form pairs that are
transformed onto one another. In the former case the
states are allowed. In the latter case, which happens
only for p ≥ 2, they may occur only as superpositions
of states pinned to the members of the pair. In these
cases a phase variable is in a superposition of two dis-
tinct values over distances that may be macroscopic, the
distances between a kink and its inverse. The superpo-
sition is protected from decoherence by the constraint,
which makes operators that may distinguish the two su-
perposed values unphysical. Again, a quasiparticle is a
kink that separates between two regions with different
pinning values. When two quasiparticles that create su-
perpositions are fused, the constraint forces the fusion to
have several possible outcomes, making the quasiparti-
cles non-Abelian. These quasiparticles will be referred to
as Φλ.
The imposition of the constraint on the Hilbert space
of the spin mode has another consequence - it splits the
vacuum sector of the spin mode into two topologically
distinct sectors, a topologically trivial vacuum and a non-
trivial neutral particle. A particle-antiparticle pair of the
latter is created by an operator that is invariant to the
interchange of spin-up and spin-down SU(2) fermions of
both chiralities, but is odd under this interchange when
carried out for one chirality only.
Our analysis of the constrained system of the SU(2)
fermions and its coupling between different wires repro-
duces for the non-Abelian states the entire set of pri-
mary fields that is familiar from the orbifold description
of these states, and provides a bosonized description for
each of these operators[22, 26].
III. CLUSTERING TRANSITION ON A SINGLE
WIRE
In this section we consider in detail a single one di-
mensional wire with an attractive interaction that favors
the formation of k particle bound states. Our approach
is to develop a “two fluid” model, described by a two
channel Luttinger liquid theory, that describes charge ke
particles coexisting with charge e particles (which can be
either fermions or bosons). We will show that for this
wire there are two distinct phases. There is a “strong
clustered” phase, in which there is a gap for the addition
of a charge e particle, so that single particle Green’s func-
tion decays exponentially. In addition there is a “weak
clustered” phase in which the single particle gap vanishes,
and the Green’s function has a power law decay. These
phases will be identified as the ordered and disordered
phases of a Zk clock type model. For k < 4, there is a
transition in the k state Potts model universality class.
For k = 4, there is a line of critical points characteristic
of the Ashkin Teller model that maps to the orbifold con-
formal field theory. For k > 4 there is an intermediate
gapless phase.
A. Bosonization
We begin by developing a model for clustering on a
single one dimensional wire. Our strategy mirrors the
approach of Ref. (20), where pairing was implemented
by coupling a charge e Fermi gas to a one-dimensional
Luttinger liquid of charge 2e bosons. Here we generalize
this to allow for clusters of k particles. Our primary
interest in this paper will be k = 4, and for simplicity we
will assume here that k is even, so that the clusters are
bosons. However, the model which we derive can also be
applied for odd k, where the clusters are fermions, as well
as to the case where the charge e particles are bosons.
We begin with a Hamiltonian density of the form
H = H0e +H0ke +Hintc (3.1)
where
H0e = ψ†1(0 − ∂2x/2m− µ)ψ1 (3.2)
describes a one dimensional system of non-interacting
charge e fermions, and
H0ke =
v
4pi
[g(∂xϕk)
2 +
1
g
(∂xθk)
2]− kµ(∂xθk
2pi
+ ρ¯k) (3.3)
7describes a one-dimensional Luttinger liquid of charge
ke bosons with average density ρ¯k. The Luttinger liq-
uid is characterized by a Luttinger parameter g, and is
expressed in terms of variables that satisfy
[θk(x), ϕk(x
′)] = 2piiΘ(x− x′). (3.4)
A charge ke boson is created by eiϕk , and the number
density of charge ke bosons is ρ¯k + ∂xθk/2pi. We assume
the charge e and ke sectors are in equilibrium at a chem-
ical potential µ and are coupled by a clustering term of
the form
Hintc = ∆eiϕk
k∏
j=1
(∂j−1x ψ1). (3.5)
This term describes a local clustering interaction which
turns k charge e fermions into a charge ke boson and vice
versa. The derivatives are necessary due to the Fermi
statistics of ψ. This term is the generalization of a spin-
less p-wave BCS pairing term, when k = 2. In addition,
we will consider below additional forward scattering in-
teractions between the charge e and charge ke sectors.
When 0 − µ is large and positive, the charge e par-
ticles will be depleted, and all of the charge density will
reside in the charge ke sector. This strongly clustered
phase is a gapless Luttinger liquid of charge ke particles
that has a gap for adding charge e particles. For 0 − µ
large and negative, the charge e and charge ke particles
coexist. For k = 2 we showed in Ref. 20 that this is a
weakly paired phase, in which there is no gap for adding
charge e particles, and we showed that the transition be-
tween weak and strong pairing phases is in the 2D Ising
universality class. We anticipate a similar structure here,
but unlike the k = 2 case, there is no free fermion limit
in which the problem is solvable. Here we will develop a
different approach by bosonizing the charge e sector.
A difficulty with directly bosonizing ψ in Eq. 3.2 is
that the clustering transition occurs when the fermions
are depleted. It is difficult to bosonize near the bottom
of a band. An alternative is to consider a theory of Dirac
fermions, or equivalently a finite density of fermions in
the presence of a commensurate periodic potential. This
opens a gap at the Fermi energy, which has the same
effect as depleting the Fermion density.
We therefore replace Eq. 3.2 by
H˜0e = −ivF (ψ†1R∂xψ1R − ψ†1L∂xψ1L) + Γ(ψ†1Rψ1L + h.c.)
(3.6)
Here ψ1R and ψ1L are right and left moving chiral Dirac
fermion operators, subject to a backscattering term Γ,
which opens an insulating energy gap. We replace the
clustering interaction by
H˜intc = ∆eiϕk
k/2∏
j=1
(
∂j−1x ψ1R
) (
∂j−1x ψ1L
)
+ h.c. (3.7)
For k = 2, this theory has the structure of a four band
Bogoliubov de Gennes theory for the transition between
a trivial and topological superconductor. When Γ ∆,
the fermions acquire a band gap at the Fermi energy, and
they are effectively depleted. On the other hand, when
Γ  ∆, the fermions are not gapped. These phases and
the transition between them are the same as simpler two
band Read Green model described by (3.2,3.5) when k =
2. It is natural to expect that the equivalence between
these two models also holds for more general values of k.
Importantly, in this alternative model we tune through
the clustering transition by varying the relative magni-
tudes of ∆ and Γ, not by varying the chemical poten-
tial. We fix the chemical potential to be precisely at the
Dirac point, where the left and right moving fermions
have momentum zero. Therefore, the total average den-
sity ρe = ρ1 + kρk is entirely in the charge ke sector, so
that ρk = ρe/k.
We now bosonize the zero momentum Dirac fermions
by writing
ψ1A(x) ∼ eiφ1A(x), (3.8)
where A = R,L and the boson fields commute with ϕk,
θk satisfying
[φ1A(x), φ1A′(x
′)] = ipisgn(xA − x′A′). (3.9)
Here we have chosen a convention in which on a finite
wire of length L with periodic boundary conditions we
specify an ordering for the fields φ1A(x). We define
xL = L − x and xR = L + x. Since xR > xL, it fol-
lows that [φ1R(x), φ1L(x
′)] = ipi. This ensures the proper
anticommutation between ψ1R and ψ1L.
Our theory is characterized by four bosonic fields,
which are convenient to combine into a column vector
Φ = (φ1R, φ1L, θk, φk)
T . (3.10)
The fields ΦI are each defined modulo 2pi. It follows
that the local operators in the theory can be expressed
as derivatives of ΦI and as vertex operators of the form
eiN·Φ (3.11)
where N is a four component integer valued vector. The
basic vertex operators in the theory include the charge
e particle creation operators eiφ1R/L and the charge ke
particle creation operator eiϕ4 . In addition, the operator
eiθ4 describes the phase of the modulation of the charge
ke density at wave vector 2piρ¯k, analogous to the 2kF =
2piρ¯1 density modulation e
i(φ1R−φ1L). Equivalently, eiθk
describes the tunneling of a flux h/ke vortex in the charge
ke boson order parameter across the wire.
The original electron operator will in general be a sum
of all charge e operators, which include the bare fermion
operators ψ1R/L along with composite operators that
include scattering from the density fluctuations of the
charge e (ke) particles. This has the form
ψ1(x) =
∑
ml
cmlψmle
i2pi lk ρ¯ex (3.12)
8where cml are non universal constants and
ψml = e
i( 1+m2 φ1R+
1−m
2 φ1L+lθk). (3.13)
Here l is any integer and m is an odd integer. In (3.12)
we have used the fact that ρ¯1 = 0 and ρ¯k = ρ¯e/k. The
operators ψ10 and ψ−10 are the bare fermion operators
ψ1R/L, while the rest of the operators are composites that
involve additional backscattering of the charge e and/or
ke particles. In general, ψ−m−l and ψml are related by a
reflection that interchanges right and left movers.
Similarly, we can consider composite charge ke opera-
tors of the form
Ψk(x) =
∑
NL
CMLΨMLe
2piiMk ρ¯ex (3.14)
with
ΨML = e
i(ϕk+Lθk+M(φ1R−φ1L)), (3.15)
where M and L are integers.
Expressed in these variables, our Hamiltonian takes
the general form
H = H0 +Huv, (3.16)
with
H0 =
∑
IJ
VIJ∂xΦI∂xΦJ (3.17)
Huv = u cos(k
2
(φ1R + φ1L)− ϕk) + v cos(φ1R − φ1L)
(3.18)
where u and v are proportional to Γ and ∆. In H0 we
have included a general positive definite forward scatter-
ing interaction matrix, which in addition to accounting
for the Luttinger parameter g in (3.3) includes forward
scattering interactions that act in the charge e sector as
well as coupling terms between the charge e and charge
ke sector.
The constants VIJ will determine the scaling dimen-
sions of both terms in (3.18) as well as the dimensions
of the composite electron operators ψml. In the spirit
of the coupled wire model, our strategy is to choose VIJ
to maximize convenience. We shall see that certain spe-
cial choices for VIJ make the problem straightforwardly
solvable.
B. Phases and Critical Behavior
To examine the phases and critical behavior of
(3.17,3.18) it is useful to introduce a variable change that
separates the charged and neutral degrees of freedom. We
define
θρ = φ1R − φ1L + kθk,
ϕρ = ϕk/k,
θσ = φ1R − φ1L, (3.19)
ϕσ = (φ1R + φ1L)/2− ϕk/k.
This transformation decouples the charge and neutral
sectors
[θα(x), ϕβ(x
′)] = 2piiδαβΘ(x− x′) (3.20)
[θρ(x), θσ(x
′)] = [ϕρ(x), ϕσ(x′)] = 0. (3.21)
where α, β = ρ or σ. In terms of these operators, the
elementary charge e and charge ke operators are given
by
ψml = e
i(ϕρ+ lk θρ+ϕσ+
mk−2l
2k θσ) (3.22)
ΨML = e
i(kϕρ+Lk θρ+
Mk−L
rk θσ). (3.23)
It is convenient to choose the forward scattering in-
teractions so that in terms of these new variables the
charge and neutral sectors decouple, with no terms cou-
pling θρ, ϕρ to θσ, ϕσ. In this case,
H = Hρ +Hσ. (3.24)
The charge sector Hρ is simply a gapless Luttinger liquid
Hρ = vρ
4pi
[gρ(∂xϕρ)
2 +
1
gρ
(∂xθρ)
2], (3.25)
while in the neutral sector
Hσ = vσ
4pi
[gσ(∂xϕσ)
2 +
1
gσ
(∂xθσ)
2] + u cos kϕσ + v cos θσ.
(3.26)
Since θσ and ϕσ do not commute, u and v compete with
one another. When either term dominates, the neutral
sector is gapped. When v is large, θσ is pinned. It is
then clear that ψml, which involves e
iϕσ , has a gap. The
charge sector thus describes a “strong clustered” Lut-
tinger liquid of charge ke particles. On the other hand,
when u is large, ϕσ is pinned. For general m and l the
charge e operator ψml involves e
iθσ and is gapped. How-
ever, for l = km/2, ψml does not involve θσ. Therefore
this composite charge e operator does not have a gap, so
the system describes a “weak clustered” Luttinger liquid
of charge e particles.
The boundary between the strong and weak clustered
phases occurs when the u and v terms are balanced, and
is related to the critical behavior of the k-state clock
model. For u = 0, the neutral sector Hamiltonian Hσ is
equivalent to the sine Gordon representation of the XY
model, where v describes the fugacity of vortices around
which the angular variable ϕσ advances by 2pi. The term
u cos kϕσ then introduces a k-state anisotropy to the XY
model, leading to a clock model. In this picture, u >>
v describes the ordered state of the clock model, while
u << v describes the disordered state. An equivalent
dual description is to view u as the fugacity for vortices
around which θσ advances by kpi. In this case v cos θσ
provides the k-state anisotropy.
The critical point occurs when the theory is self dual.
This occurs when u = v and the Luttinger parameter
gσ is such that the scaling dimensions of the operators
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FIG. 2. Behavior of the k-state clock model at the self dual
critical point u = v. For k = 2, 3 the interaction u is relevant
at the Luttinger liquid fixed point, and the system flows to a
Zk parafermion critical point. For k > 4 the Luttinger liquid
fixed point is stable. For k = 4 there is a continuous line of
critical points described by the orbifold CFT shown in Fig.
1. The Z4 parafermion theory is one point on that line.
cos kϕσ and cos θσ are equal to each other. In terms of
the Luttinger parameter gσ, the scaling dimensions are
∆u =
k2
2gσ
, ∆v =
gσ
2
. (3.27)
The self dual point occurs at gσ = k, where the common
scaling dimension is ∆ = k/2. It follows that for k < 4,
∆ < 2, so the self dual interaction u(cos kϕσ + cos θσ) is
relevant. In that case the system flows to a strong cou-
pling critical point describing either the Ising (k = 2) or
three state Potts (k = 3) transition. For k < 4 these
are the unique critical points with Zk symmetry, and
are equivalent to the Zk parafermion critical point. For
k > 4 we have ∆ > 2, and the self dual interaction is
irrelevant. This means that in between strong and weak
paired phase there is an intermediate phase in which the
neutral sector is gapless. At strong coupling there may
exist critical points in a higher dimensional parameter
space, such as the Zk parafermion point, and the distinct
critical point of the k state Potts model. However, we
do not have access to these strong coupling fixed points
in this theory. The case k = 4 is special because the
interaction is marginal. In fact, the interaction is ex-
actly marginal to all orders, and there exists a line of
critical points parametrized by u. This fixed line, which
has continuously varying critical exponents is well known
from the study of the Ashkin-Teller model[22, 23], and
is described by the orbifold line of c = 1 conformal field
theory shown in Fig. 1. Special points on this line cor-
respond to specific distinct critical points such as the Z4
parafermion critical point and the four state Potts model
critical point.
In the following we will develop a simple description of
the critical theories on this orbifold line. This description
will enable us to formulate a coupled wire model that de-
scribes a family of non-Abelian “orbifold” quantum Hall
states, which includes and generalizes the Z4 Read Rezayi
state. The key step that allows this progress is the identi-
fication of a special symmetry that is present in the k = 4
theory.
IV. SU(2) SYMMETRY FOR k = 4
Consider the decoupled Hamiltonian in the neutral sec-
tor for k = 4 at the self-dual point u = v and gσ = 4.
Hσ = vσ
4pi
[4(∂xϕσ)
2 +
1
4
(∂xθσ)
2] + u(cos 4ϕσ + cos θσ).
(4.1)
This Hamiltonian still contains cosine terms, which
makes analysis beyond perturbation theory in u appear
difficult. However, the problem possesses a hidden SU(2)
symmetry which allows it to be cast in a much simpler
form. We will first give a rough sketch of the SU(2) sym-
metry which explains why the simplification that arises.
We will then go on to discuss a refermionization proce-
dure that enables us to carry it out precisely.
We begin by defining chiral charge and neutral fields
φρR = ϕρ + θρ/4,
φρL = ϕρ − θρ/4, (4.2)
φσR = ϕσ + θσ/4,
φσL = ϕσ − θσ/4, (4.3)
which satisfy
[φαA(x), φα′A′(x
′)] = i
pi
2
δαα′sgn(xA − x′A′), (4.4)
for A = R,L and α = ρ, σ, where we adopt the same
convention for xA as in Eq. 3.9. The definition of φσA is
designed to simplify (4.1) by separating the chiral com-
ponents. The fields φρA In terms of these variables we
have
Hσ = vσ
2pi
[(∂xφσR)
2 + (∂xφσL)
2]− 2u cos 2φσR cos 2φσL.
(4.5)
The operators cos 2φσA, sin 2φσA and ∂xφσA all have di-
mension ∆ = 1. With appropriate numerical prefactors
they define the x, y and z components of a chiral current
operator ~JA=R/L that satisfies an SU(2)1 current alge-
bra. By performing a pi/2 SU(2) rotation, it is possible to
transform cosφσA into ∂xφσA (up to a cutoff dependent
numerical prefactor)[28]. The Hamiltonian then takes
the form
H˜σ = vσ
2pi
[(∂xφσR)
2 +(∂xφσL)
2 +2λσ∂xφσR∂xφσL] (4.6)
where λσ ∝ u. This resembles a Luttinger liquid with a
λσ dependent Luttinger parameter. This line of c = 1
fixed points parametrized by λ defines the “orbifold
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line”, which is well known in the conformal field theory
literature[22]. It is not exactly the same as an ordinary
Luttinger liquid because the bosonic fields are compacti-
fied on an orbifold rather than a circle, which, as will be
explained further below, modifies the operator content of
the theory.
In the rotated basis, the strongly interacting theory
(4.5) becomes a free theory (4.6), allowing for an analy-
sis that is nonperturbative in u. In order to apply this
to quantum Hall states using the coupled wire model,
the task at hand is to learn how to describe the physi-
cal local operators (3.11) in this rotated basis. We have
found that this is most easily accomplished by recasting
this problem in terms of a new set of SU(2) fermion vari-
ables. In addition to providing us the technical means to
accomplish the rotation, this refermionization procedure
will shed light on the relationship between the orbifold
theory and the ordinary Luttinger liquid (the circle the-
ory).
A. Fermionization
To make the SU(2) symmetry present for k = 4 ex-
plicit, we introduce yet another basis for the four com-
ponent boson field Φ defined in (3.10). We define
φ↑A = φρA + φσA
φ↓A = φρA − φσA, (4.7)
where A = L or R. These satisfy
[φsA(x), φs′A′(x
′)] = ipiδss′sgn(xA − x′A′). (4.8)
where s =↑, ↓ and we use the same convention for xA
as Eq. 3.9. These operators resemble the chiral boson
operators in a theory of SU(2) fermions. This motivates
us to fermionize them by defining
ψsA(x) =
eipiNσ/2√
2pixc
eiφsA(x). (4.9)
ψsA(x) obey the anticommutation relations for SU(2)
fermions. Here xc is a short distance cutoff, which is
necessary to identify the numerical prefactors. Note that
since [φ↑A, φ↓A′ ] = 0 it is necessary to include a factor
that ensures that {ψ↑,A, ψ↓,A′} = 0. This is accomplished
by the exp(ipiNσ/2) term, where
Nσ = N↑ −N↓ =
∫
dx∂x(φσR − φσL)/pi, (4.10)
which satisfies [Nσ, φσA] = i. Note that when expressed
in terms of the original variables, Nσ = N1, which is the
total number of the original charge e fermions. We also
define
Nρ = N↑ +N↓ (4.11)
and note that Nρ and Nσ differ by an even number, since
the parity of the total charge is the parity of the single
electron number.
Consider the SU(2) current defined by
~JA =
1
2
∑
r,s=↑,↓
ψ†rA~σrsψsA. (4.12)
Using (4.9) and (4.7) it follows that
JxA =
1
2pixc
cosφσA
JyA =
1
2pixc
sinφσA (4.13)
JzA =
∂xφσA
4pi
.
The Hamiltonian (3.16) may now be written in terms
of these SU(2) fermions.
H↑↓ = −ivF
∑
s,A,B
τzABψ
†
AR∂xψBR + 2piλvFJ
x
RJ
x
L, (4.14)
where the sum is over s =↑, ↓ and A,B = R,L and we
identify λ = pix2cu/vF .
H↑↓ is an exact representation of the Hamiltonian
(3.16) for the specific choice of forward scattering in-
teractions that decouples Hρ and Hσ in (3.24) and sets
gρ = gσ = 4. However, our theory is not identical to ordi-
nary SU(2) fermions, even for λ = 0 because the Hilbert
space on which H↑↓ acts is not the same. This is the
origin of the difference between the orbifold theory and
the ordinary Luttinger liquid.
The reason for the difference can be seen by expressing
φsA in terms of the original variables Φ in (3.10). Using
(3.19) and (4.7) we find
φ↑,R = φ1R + θ4,
φ↑,L = φ1L − θ4, (4.15)
φ↓,R =
1
2
(−φ1R − φ1L + ϕ4 + 2θ4),
φ↓,L =
1
2
(−φ1R − φ1L + ϕ4 − 2θ4).
Due to the presence of the 1/2, this is not an SL(2, Z)
change of basis. This means that unlike for ordinary
SU(2) fermions, the set of local operators is not simply
given by exponentials of integer multiples of φsA as in
Eq. 3.11. This introduces two important modifications.
The first is that not all of the states in the SU(2)
fermion Hilbert space are present in our problem. From
(4.15) it can be observed that products of fermion oper-
ators will be local operators (with integer coefficients of
ΦI) if and only if the total number of down spin operators
is even. Thus, the only states of the SU(2) fermion the-
ory that correspond to physical states in our theory are
the states with an even number of down spin fermions.
There is a constraint on the Hilbert space of the form
Ξ ≡ eipiN↓ = 1 (4.16)
where Ns =
∫
dxψ†RsψRs+ψ
†
LsψLs is the total number of
spin s =↑, ↓ fermions. Expressed in terms of charge and
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neutral variables this takes the form
Ξ = ΞρΞσ (4.17)
with
Ξρ = e
ipiNρ/2 (4.18)
Ξσ = e
ipiSz , (4.19)
where Sz = Nσ/2. The operator Ξσ implements a
pi rotation of the spin about the z axis, which takes
ϕσ → ϕσ+pi. Thus, the constraint effectively reduces the
compactification radius of ϕσ from 2pi to pi by identifying
points that differ by pi.
The second difference is that there exists an operator
in our theory that is not present in the SU(2) fermion
theory. Consider the operator
eiθ4 = e
i
2 (φ↓R−φ↓L) (4.20)
This is clearly a local operator in our theory, but it can
not be expressed in terms of the SU(2) fermion operators
ψsA. In contrast, e
2iθ4 , as well as the other three elemen-
tary local operators eiφ1R , eiφ1L and eiϕ4 can be written
locally in terms of ψsA. Thus, there are two classes of
operators (and states): those with a “twist” and those
without. Acting in the spin sector, eiθ4 involves eiθσ/4,
which introduces a pi kink into ϕσ. For ordinary SU(2)
fermions this is not allowed because ϕσ has a compactifi-
cation radius of 2pi. However, due to (4.16) it is allowed,
since the ϕσ and ϕσ + pi are identified. If we write this
operator in terms of the charge and spin fields it is
eiθ4 = e
i
4 (φρR−φρL)σ+Rσ
−
L (4.21)
where we identify the chiral twist operators
σ±A = e
±iφσA/4 (4.22)
These operators play a central role in the orbifold con-
formal field theory. For λ = 0 it is straightforward to
see that σA (which is the “4th root” of the dimension 1
operator eiφσA) has dimension 1/16. In addition, there
exists an “excited” twist operator
τ±A = e
∓3iφσA/4 (4.23)
with dimension 9/16.
Finally, it is useful to express the local composite elec-
tron operators defined in Eq. 3.13. Using (4.15) we find
ψml = e
i(m+12 φR↑−m−12 φL↑+ l−m2 (φR↓−φL↓)). (4.24)
Recall that m is odd. When l is even, ψml involves the
twist operator and can not be expressed in terms of the
SU(2) fermions. In this paper we will focus exclusively
on states built from operators in which l is odd, and may
be expressed in terms of the SU(2) fermion operators as
ψml = ψR↑(ψ
†
L↑ψR↑)
m−1
2 (ψ†L↓ψR↓)
l−m
2 . (4.25)
In this expression, negative powers should be understood
as implying the substitution ψ ↔ ψ†. In particular, note
that ψ−m,−l is essentially ψml with the substitution R↔
L.
B. SU(2) Rotation
In order to simplify (4.14) we now implement a 90◦
SU(2) rotation that converts JxA to J
z
A. Upon rebosoniz-
ing, this will lead to a Hamiltonian that is quadratic in
the boson operators even when λ is large. Consider the
canonical transformation
U = eipiS
y/2 (4.26)
where ~S =
∫
dx( ~JR + ~JL). Under this transformation
U†(JxA, J
y
A, J
z
A)U = (J
z
A, J
y
A,−JxA) (4.27)
for A = R,L and
U†ψrAU =
∑
s=↑,↓
[eipiσ
y/4]rsψsA. (4.28)
It is now straightforward to do the rotation by per-
forming the canonical transformation
H˜↑↓ ≡ U†H↑↓U (4.29)
= −ivF
∑
s,A,A′
ψ†sAτ
z
AA′∂xψsA′ + 2piλvFJ
z
RJ
z
L,
Upon bosonizing, the Hamiltonian in the rotated basis
becomes H˜ = Hρ+ H˜σ, where Hρ is given by (3.25) with
gρ = 4 and Hσ is given by (4.6). Thus we can identify
λ = 4pix2cu/vF . Using (4.3) this can then be recast in
terms of θρ,σ and ϕρ,σ as
H˜σ = v˜σ
4pi
[g˜σ(∂xϕσ)
2 +
1
g˜σ
(∂xθσ)
2] (4.30)
with v˜σ = vσ
√
1− λ2 and
g˜σ = 4
√
(1 + λ)/(1− λ). (4.31)
We have cast the strongly interacting Hamiltonian
in a form that allows us to take advantage of Abelian
bosonization. It now remains to express the local elec-
tron operators in this rotated basis. The rotated form of
the single electron operators ψ†sA are
U†ψ†↑AU =
1√
2
(ψ†↑A + ψ
†
↓A)
U†ψ†↓AU =
1√
2
(ψ†↑A − ψ†↓A). (4.32)
One could construct the rotated versions of the local
composite fermion operators in Eq. 4.25 by taking prod-
ucts of many of the above terms. However, these will
involve a sum of many terms. Another approach is to
ask what is the simplest form of composite operators is
in the rotated basis. To this end, consider the rotated
form of the constraint operator,
Ξ˜ = U†ΞU = ΞρΞ˜σ (4.33)
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with Ξρ given in (4.18) and
Ξ˜σ = e
ipiSx . (4.34)
This has the property
Ξ˜†ψ↑AΞ˜ = ψ↓A (4.35)
Ξ˜†ψ↓AΞ˜ = ψ↑A.
It follows that any combination of fermion operators that
preserves the constraint Ξ˜ = 1 must be invariant under
the interchange of up and down spins. This invites us to
consider the set of local charge e operators in the rotated
basis that are built from ψml in (4.25):
ψ˜ml =
1
2
(ψ˜ml↑ + ψ˜ml↓) (4.36)
with
ψ˜ml↑ = ψR↑(ψ
†
↑Lψ↑R)
m−1
2 (ψ†↓Lψ↓R)
l−m
2
ψ˜ml↓ = ψ↓R(ψ
†
↓Lψ↓R)
m−1
2 (ψ†↑Lψ↑R)
l−m
2 (4.37)
ψ˜†ml can be related to the unrotated ψ
†
ml by inverting
the SU(2) rotation. It will be the sum of many different
terms, but each term is guaranteed to satisfy the con-
straint by having an even number of down spin fermion
operators. These operators will serve as the building
blocks for our coupled wire construction in the next sec-
tion.
Upon rebosonizing, using (4.9), ψ˜ml may be expressed
in the charge-spin variables defined in (4.7,4.2,4.3) as
ψ˜ml ∼ ei(ϕρ+ l4 θρ)eipiNσ/2 cos
(
ϕσ +
2m− l
4
θσ
)
. (4.38)
Finally we contemplate the SU(2) rotation of the twist
field. The constraint Ξ in the unrotated bases identifies
ϕσ with ϕσ+pi, which is equivalent to a pi rotation about
zˆ that takes (Jx, Jy, Jz) to (−Jx,−Jy, Jz). The ro-
tated constraint Ξ˜ takes (Jx, Jy, Jz) to (Jx,−Jy,−Jz),
which is equivalent to taking ϕσ to −ϕσ. Thus, rather
than compactifying the circle with circumference 2pi to a
smaller circle of radius pi, the rotated constraint compact-
ifies the circle to an orbifold, which is a 2pi circumference
circle with ϕσ and −ϕσ identified. The rotated twist
operator σ±Rσ
∓
L therefore introduces a “kink” in which
ϕσ → −ϕσ on one side.
There is no simple representation for the rotated form
of the twist operators. However, we saw above that for
λ = 0 (or equivalently g˜σ = 4) the twist operators have a
simple representation in the unrotated basis, which shows
that they have dimensions ∆σ± = 1/16 and ∆τ± = 9/16.
In fact, these dimensions are independent of the orbifold
radius and remain the same for all values of λ (or g˜σ)[22–
24, 26]. This is plausible because g˜σ can be absorbed by
a suitable rescaling of ϕσ. Unlike the ϕσ → ϕσ + pi kink,
the ϕσ → −ϕσ kink is invariant under rescaling ϕσ, so
∆σ± and ∆τ± should not depend on g˜σ.
V. COUPLED WIRE MODEL
We now develop a theory of fractional quantum Hall
states by coupling together the wires. We consider an
array of wires parametrized by i with a magnetic flux b
per unit length between any pair of neighboring wires.
The array is described by the Hamiltonian
H =
∑
i
Hρ,i+Hσ,i+HT1,i+1/2 +HT4,i+1/2 +Hint,i+1/2.
(5.1)
Here, Hρ,i is given by (3.25) for each wire, and is
parametrized by the Luttinger parameter gρ describing
the ordinary Luttinger liquid of the charge sector. The
spin part of the Hamiltonian, Hσ,i, is given for each wire
by (3.26). For u = v, it may be expressed in the rotated
basis as H˜σ,i by (4.30) and is characterized by g˜σ, which
identifies the point on the orbifold line in the neutral sec-
tor. We will choose specific values for gρ and g˜σ, which
will depend on the different states that we construct be-
low. For those special values of gρ and g˜σ, the single wire
factorizes into decoupled left and right moving chiral sec-
tors that have the same structure as the edge states of
the quantum Hall states that we will construct, so that
the single wire is like a wide quantum Hall strip.
We consider two types of tunneling terms that couple
the wires. The term HT1,i+1/2 tunnels single electrons
between wires i and i+ 1, and is given by
HT1,i+1/2 = −t1ψ†1,iψ1,i+1eibx + h.c. (5.2)
where the oscillating exponential is due to the mag-
netic flux per unit length b between the wires, and we
set ~ = e = 1. The operator ψ1,i will in general be
a sum over many terms ψml in (3.12), with oscillating
phases eipilρ¯ex/2 due to momentum. We consider terms
ψ†ml,iψ−m−l,i+1 and require that the oscillating factors
to cancel, giving b = pilρe. If we define the filling factor
ν = 2piρ¯e/b, then for filling factor
ν = 2/l (5.3)
we allow the single electron tunneling term
HT1,i+1/2 = −t1ψ†ml,iψ−m−l,i+1. (5.4)
As explained in Section II B, we will focus on the case in
which the integer l is odd.
In addition we consider the tunneling of clusters of
electrons between the wires,
HT4,i+1/2 = −t4Ψ†4,iΨ4,i+1ei4bx + h.c. (5.5)
The operator Ψ4,i will be a sum of terms ΨML,i with
phase eipiLρ¯ex/2. We again require that the magnetic field
term cancels the phase due to the momentum. So given
(5.3), we consider terms ΨML,iΨ
†
−M−L,i+1 with L = 4l.
In addition, from (3.23) it can be seen that if L = 4M
then ΨML,i only involves the charge sector. We will as-
sume this without loss of generality, since other terms will
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be generated by combination with the relevant u term in
(3.26). This leads us to write
HT4,i+1/2 = −t4Ψ†l,4l,iΨl,4l,i+1 (5.6)
We note that by combining single-electron and cluster-
tunneling we limit ourselves to a subset of the bosonic
Laughlin states that may be created for charge-4e bosons.
The latter would satisfy ν = 8/l, but the weakly-
clustered states and the non-Abelian states formed by
wires in the critical states occur only for ν = 2/l.
We will also consider an extra interaction term
Hint,i+1/2 which couples wires i and i + 1. These terms
will be designed to ensure that t1 and t4 are relevant, and
will be specified below.
In the following we will show that the interactions (5.4)
and (5.6) define a sequence of fractional quantum Hall
states parametrized by the odd integers l and m. The
integer l specifies the character of the state in the charge
sector and determines the filling factor, while the inte-
ger m characterizes the neutral sector and specifies a se-
quence of non-Abelian topological states characterized by
the orbifold conformal field theories.
In order to define the bosonized theory with multiple
wires it is necessary to specify the convention for ensuring
that fermions on different wires anticommute. We do
this by defining the boson operators on different wires to
have a non zero commutator, specified by an ordering of
the wires. For right and left moving modes on wire i at
position x we generalize the convention in Eq. 3.9 and
define xiR = L + x + 2Li and xiL = L − x + 2Li. This
defines a “raster pattern” in which ... < xiL < xiR <
xi+1L < xi+1R < .... Then, for the original fermions (Eq.
3.9) we have
[φ1iA(x), φ1i′A′(x
′)] = ipisgn(xiA − x′i′A′). (5.7)
Likewise, for the SU(2) fermions in Eq. (4.7) we write
[φi,sA(x), φi′,s′A′(x
′)] = ipiδss′sgn(xiA − x′i′A′). (5.8)
where s, s′ =↑, ↓. Note that [φi,↑,A, φi′,↓,A′ ] = 0. The an-
ticommutation between ψi,↑,A and ψi′,↓,A′ is taken into
account by the prefactor exp ipiNσ/2 in ψi,s,A, as in (4.9),
where now Nσ refers to the total spin on all of the wires.
Similar commutation relations follow for the chiral charge
and spin modes defined in (4.2,4.3). For the non chiral
fields θρ,σ and ϕρ,σ defined in (3.19), as well as the ro-
tated versions used in (4.30) satisfy
[θiα(x), ϕi′α′(x
′)] = 2piiδαα′Θ(xiR − x′jR)
[θiα(x), θi′α′(x
′)] = [ϕiα(x), ϕi′α′(x′)] = 0. (5.9)
We will begin with a discussion of the charge sector.
When the individual wires are in a strong clustered phase
in which the neutral sector is gapped, HT4,i+1/2 leads to
an Abelian quantum Hall state, which can be interpreted
as a strong clustered Laughlin state of charge 4e bosons.
When the neutral sector on each wire is in the critical
state, we will show in the following section thatHT1,i+1/2
leads to a sequence of non-Abelian orbifold quantum Hall
states.
A. Charge sector: Strong clustered states
Here we consider the charge sector, in which the indi-
vidual wires are Luttinger liquids describe by (3.25) and
coupled by HT4,i+1/2 in (5.6). We will first focus on the
case in which v  u in Eq. 3.26, so that the neutral
sector has a gap, and θσ is pinned at 0. Coupling the
wires in the charge sector by HT4,i+1/2 then leads to a
strong clustered fractional quantum Hall state at filling
ν = 2/l that can be viewed as a Laughlin state of charge
4e bosons at filling ν4e = 1/(8l). In this case, the cou-
pled wire construction of this state is the same as that
in Ref. 1 and 2. We repeat the analysis here to estab-
lish our notation because we will see similar steps in the
following section, where the individual wires will be at
criticality, and the quantum Hall state is modified by the
neutral sector. Note again that the strongly clustered
states that we consider are only a subset of the possible
strongly clustered Laughlin states for the 4e bosons, re-
stricted by the choice L = 4l, and chosen since they form
non-Abelian states at criticality.
The charge 4e operator in (5.6), given in (3.23), has
the form
Ψl,4l,i ∼ ei(4ϕρ,i+lθρ,i). (5.10)
For a general value of gρ in (3.25), the operator in the
exponent involves both the right and left moving chiral
fields, which are proportional to ϕρ ± θρ/gρ. However,
for the special value
g∗ρ = 4/l, (5.11)
Ψl,4l,i is a purely chiral field. At this solvable point,
the single wire factorizes into right and left moving sec-
tors that are equivalent to the edge states of a charge 4e
bosonic Laughlin state at filling ν4e = 1/(8l) . The cou-
pling term HT4,i+1/2 then describes tunneling of charge
4e bosons between the edges of quantum Hall strips as-
sociated with neighboring wires. The 1 × 1 K-matrix
characterizing the edge state follows from the commuta-
tion algebra of the operator in the exponent, and is given
by
Kρ = 8l. (5.12)
This motivates us to define
φ¯iρ,R =
1
2l
(ϕρ,i +
l
4
θρ,i)
φ¯i+1ρ,L =
1
2l
(ϕρ,i+1 − l
4
θρ,i+1). (5.13)
Note that this definition of φ¯iρ,R/L depends on l and
differs from the definition of φiρ,R/L in (4.2). These op-
erators obey[
φ¯iρ,A(x), φ¯i′ρ,A′(x
′)
]
= ipiK−1ρ sgn(xiA − x′i′A′). (5.14)
The Hamiltonian (3.25) for each wire is then
Hρ,i = vρKρ
4pi
(
(∂xφ¯iρ,R)
2 + (∂xφ¯iρ,L)
2
)
, (5.15)
14
and they are coupled by
HT4,i+1/2 = −t4 cos 8l
(
φ¯iρ,R − φ¯i+1ρ,L
)
(5.16)
The dimension ∆ of ei8lφ¯ρ,R/L at gρ = g
∗
ρ is
∆∗ = Kρ/2 = 4l. (5.17)
Since 2∆∗ > 2, t4 will be perturbatively irrelevant in the
absence of other interactions. However, this term can be
made relevant by adding an additional forward scattering
interaction of the form
Hint,i+1/2 = λρvρKρ
2pi
∂xφ¯iρ,R∂xφ¯i+1ρ,L. (5.18)
To describe the locking of the wires is useful to intro-
duce yet one more set of variables associated with the
links between wires.
θ¯i+1/2,ρ = φ¯iρ,R − φ¯i+1ρ,L
ϕ¯i+1/2,ρ = Kρ(φ¯iρ,R + φ¯i+1ρ,L)/2. (5.19)
Then [θi+1/2,ρ(x), ϕi+1/2,ρ(x
′)] = 2piiΘ(x − x′), and we
may write
∑
iHρ,i =
∑
i H¯ρ,i+1/2 with
H¯ρ,i+1/2 = v¯ρ
4pi
(
g¯ρ(∂xϕ¯ρ,i+1/2)
2 +
1
g¯ρ
(∂xθ¯ρ,i+1/2)
2
)
(5.20)
and
HT4,i+1/2 = −t4 cos 8lθ¯ρ,i+1/2. (5.21)
Here g¯ρ = 2K
−1
ρ
√
(1 + λρ)/(1− λρ) and v¯ρ =
vρ
√
1− λ2ρ. This theory has the structure of a sine-
Gordon model, or equivalently a 2D XY model. The t4
term is relevant forK2gρ < 2. Moreover, if t4 starts large,
then g4 is renormalized downward, making t4 more rele-
vant and leading to a gapped phase. The limits of small
and large initial values of t4 are separated by a Kosterlitz
Thouless transition.
When t4 flows to strong coupling θρ,i+1/2 is locked in
one of the minima of the cosine. Since θρ,i+1/2 is an
angular variable, defined modulo 2pi, there are K = 8l
distinct minima of the cosine,
θ∗ρ,i+1/2 =
pi
4l
Q (5.22)
where Q is an integer mod 8l. A kink in which θ¯ρ,i+1/2
advances by pi/(4l) corresponds to an elementary Laugh-
lin quasiparticle of charge e∗ = e/(2l).
In the following section we will consider the case in
which u = v in (3.26) so that the neutral sector is gap-
less on each wire. In this case, the interaction in the
charge sector still opens up a charge gap, and most of
the analysis of this section remains valid. However ad-
ditional tunneling terms coupling the wires will be nec-
essary to open a gap in the neutral sector. We will see
that quasiparticles in the charge sector are then bound
to neutral sector excitations described by primary fields
of the orbifold theory.
B. Neutral sector: Orbifold states
We now construct the orbifold quantum Hall states
[27]. We consider charge e tunneling between wires (5.4)
in the case where the individual wires are in the critical
state. We will assume that gρ = 4/l and that the charge
sector is gapped by t4 due to (5.21), so that θρ,i+1/2 is
pinned, and given by (5.22). We will work in the rotated
basis for the neutral sector, in which H˜σ in (4.30) de-
scribes the orbifold line, parametrized by g˜σ. The charge
e tunneling term HT1,i+1/2 involves the rotated charge e
operators ψ˜ml and ψ˜−m−l. Using (4.38) we write these
as
ψ˜ml ≡ ψ˜R ∼ ei(ϕρ+ l4 θρ)eipiNσ/2 cos(ϕσ + p
4
θσ),
ψ˜−m−l ≡ ψ˜L ∼ ei(ϕρ− l4 θρ)eipiNσ/2 cos(ϕσ − p
4
θσ).(5.23)
Here we have introduced a new odd integer
p = 2m− l. (5.24)
It will be useful to consider the odd integers p and m
to be the independent parameters. In this case, (5.3)
becomes
ν =
2
2m− p (5.25)
We will suppose for simplicity that p is positive. This will
define the direction of propagation of the neutral sector
edge modes. The number l = 2m− p (and hence ν) can
then be positive or negative, which specifies whether the
neutral and charge edge modes propagate in the same
direction or in opposite directions.
In the previous section we introduced the chiral oper-
ators φ¯iρ,R/L in (5.13) (R and L will be interchanged if
l < 0). We now introduce corresponding operators for
the neutral sector,
φ¯iσ,R =
1
p
(ϕσ,i +
p
4
θσ,i),
φ¯i+1σ,L =
1
p
(ϕσ,i+1 − p
4
θσ,i+1). (5.26)
As in the previous section, these operators are not in
general purely chiral. However, for a particular choice of
g˜σ in (4.30),
g˜∗σ = 4/p, (5.27)
the chiral fields decouple, and
H˜σ,i+1/2 = v˜σKσ
4pi
(
(∂xφ¯iσ,R)
2 + (∂xφ¯iσ,R)
2
)
(5.28)
with
Kσ = 2p. (5.29)
The chiral fields satisfy[
φ¯iσ,A(x), φ¯i′σ,A′(x
′)
]
= ipiK−1σ sgn(xiA − x′i′A′). (5.30)
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For different values of p, the value of gσ = g
∗
σ puts the
theory for a single wire at specific points on the orbifold
line that form a set of known rational conformal field
theories. An ordinary Luttinger liquid with Kσ = 2p
defines a conformal field theory compactified on a circle
of radius Rcircle =
√
p/2[25]. In the present case, the
constraint Ξ˜, which relates ϕσ to −ϕσ defines the theory
on an orbifold of the same radius. We will defer the
discussion of the operator content of these theories to the
next session. Here we will note that p = 1, with gσ = 4
corresponds to either λσ = 0 in (4.6) or u = 0 in (4.5).
Since u = 0, this state can be described either in the
rotated or the unrotated basis. It is an Abelian state,
where the neutral sector is described equivalently as a
Rorbifold = 1/
√
2 orbifold or an ordinary Luttinger liquid
(circle) with Rcircle =
√
2. These describe the K = 8 (or
U(1)8) state. The p = 1 state occurs at filling factors
ν =
2
2m− 1 = ...,−2/7,−2/3, 2, 2/5, ... (5.31)
where we recall that negative filling factors imply states
with counter-propagating charge and neutral modes.
The value p = 3 defines a sequence of quantum Hall
states at filling
ν =
2
2m− 3 = ...,−2/5,−2, 2/3, 2/7, ... (5.32)
These correspond to the filling factors of the k = 4 se-
quence of Read Rezayi states, including conjugate states
with counter-propagating charge and neutral modes.
This value of p = 3 corresponds to the R =
√
3/2 orb-
ifold which is precisely the Z4 parafermion point on the
orbifold line[23, 24].
Higher values of p = 5, 7, ... correspond to a general-
ization of the k = 4 Read Rezayi states. There exists a
distinct quantum Hall state for each odd integer value of
p. These fall into two categories: the states with p = 1
mod 4 are defined at the filling factors in (5.31), while
the states with p = 3 mod 4 occur at filling factors in
(5.32).
The electron operators ψ˜†ml have a dimension that is
a sum of pieces due to the charge and neutral sectors:
∆ = ∆ρ + ∆σ. We find
∆ρ = |l|/4, ∆σ = p/4. (5.33)
Note that for p = 3, ∆σ matches the dimension 3/4 of
the Z4 parafermion operator in the Z4 fermion conformal
field theory. This connection will be discussed further in
the following section.
The charge e tunneling operator will have dimension
2∆ = (|l| + p)/2. Therefore, if |l| + p > 4 then t1 will
be irrelevant in the absence of other interactions. As in
the previous section, adding a term (5.18) in the charge
sector can reduce ∆ρ. However, the situation is more
complicated in the neutral sector because the operator
analogous to (5.18), proportional to ∂xφ¯iσ,R∂xφ¯i+1σ,L is
not an allowed local operator in the theory. Once the
charge sector is repaired, the condition becomes |p| > 4,
so for p = 1, 3 there is no issue. But for |p| = 5, 7, ...
an additional interaction in the neutral sector is required
to make t1 relevant. In fact there is an additional in-
teraction that can be added in the neutral sector that
can make t1 relevant for the entire sequence of orbifold
states. We will explain this problem and its solution in
Appendix A. For now, we will simply assume that t1 is
relevant and explore the properties of the resulting strong
coupling state.
We now consider the coupling between the wires gen-
erated by HT1,i+1/2 in (5.4). We again define variables
analogous to (5.19) associated with the links between
wires. Due to the symmetry relating φ→ −φ it is useful
to treat θ¯ and ϕ¯ symmetrically. We define
θ¯i+1/2,σ = φ¯iσ,R − φ¯i+1σ,L
ϕ¯i+1/2,σ = φ¯iσ,R + φ¯i+1σ,L. (5.34)
These obey
[θ¯i+1/2,σ(x), ϕ¯i+1/2,σ(x
′)] =
2pii
p
Θ(x− x′) (5.35)
Evaluation of HT1,i+1/2 requires a careful treatment
of the commutation relations between the fields when
combining exponentials. Consider the term ψ˜†i,Rψ˜i+1,L,
which using (5.23,5.13,5.26) can be written in the form
e−2ilφ¯iρ,Re2ilφ¯i+1ρ,L cos pφ¯iσ,R cos pφ¯i+1σ,L. (5.36)
Using the fact that [φ¯i,ρR, φ¯i+1,ρ′L] = −ipi/(8l) it follows
that e−i2lφi,ρRei2lφ¯i+1ρL = e−ilpi/4e−i2lθi+1/2,ρ . Using sim-
ilar considerations for φ¯i,σ,R/L, we find (suppressing the
i+ 1/2 subscripts for brevity)
ψ˜†i,Rψ˜i+1,L ∼ e−i2l(θ¯ρ−θ¯0)(cos pθ¯σ − isp cos pϕ¯σ), (5.37)
where θ¯0 = −pi(p+ l)/(8l) and
sp = e
ipi(p+1)/2 =
{ −1 p = 1 mod 4
+1 p = 3 mod 4.
(5.38)
It is convenient to absorb the unimportant constant θ¯0
into θ¯ρ by replacing θ¯ρ− θ¯0 → θ¯ρ. The electron tunneling
term connecting neighboring wires then takes the form
H1T = −4t1
(
cos 2lθ¯ρ cos pθ¯σ − sp sin 2lθ¯ρ cos pϕ¯σ
)
.
(5.39)
The form of (5.39) differs from that of (5.21) because it
is the sum of two cosine terms that involve the non com-
muting operators θσ and ϕσ. Ordinarily, such operators
would compete with one another because they can not
be simultaneously pinned. But for (5.39) the pi/2 phase
shift between cos 2lθ¯ρ and sin 2lθ¯ρ plays an essential role.
Recall that HT2,i+1/2 pins θ¯ρ at an integer multiple of
pi/(4l). For a given minimum only one of the terms in
(5.39) is operative. Specifically, for θ¯ρ = Qpi/(4l) we have
H1T = −4t1

cos(pθ¯σ) for Q = 0 mod 4,
sp cos(pϕ¯σ) for Q = 1 mod 4,
− cos(pθ¯σ) for Q = 2 mod 4,
−sp cos(pϕ¯σ) for Q = 3 mod 4.
(5.40)
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Thus, depending on the parity of Q, either θ¯σ or ϕ¯σ is
pinned, resulting in a bulk energy gap in the neutral sec-
tor. Combined with the gap provided by (5.21) in the
charge sector, this results in a quantum Hall state with
a complete bulk energy gap.
VI. QUASIPARTICLES IN THE ORBIFOLD
STATES
In this section we consider the structure of the quasi-
particle excitations in the orbifold states. There are two
ways to analyze the quasiparticles. The first is to char-
acterize the 1+1D conformal field theory describing the
edge states[18, 38]. This can be done by considering the
theory of a single wire at the solvable point where the
right and left moving chiral sectors decouple. In general,
the edge states are characterized by an Abelian charge
sector described by a c = 1 bosonic charge mode com-
pactified on a circle with radius determined by l in (5.11),
along with a non-Abelian neutral sector characterized by
a c = 1 neutral bosonic mode compactified on an orbifold
with radius defined by p in (5.27). The physical quasipar-
ticle operators then involve specific combinations of the
charge and neutral primary fields. We will see that our
Abelian bosonization approach to describing the orbifold
sector allows a simple representation of these operators
which then allows a straightforward determination of the
conformal dimension of the quasiparticle operators.
A second approach to understanding the quasiparti-
cles is to consider topological field theory characterizing
the 2+1D bulk[39]. Bulk quasiparticles, which exist on
the links between the wires, are described by kinks in θ¯ρ
and θ¯σ or ϕ¯σ defined in (5.19,5.34). Again, we will see
that our Abelian bosonization approach allows an under-
standing of the non-Abelian braiding properties of these
quasiparticles. We will present a simple construction that
allows us to determine topological S-matrix, which com-
bined with the conformal dimensions of the quasiparticles
completely characterizes the non-Abelian braiding prop-
erties of the state.
A. Edge state theory
At the edge, the Hamiltonian is described by a chiral
theory of the form
HedgeA =
v˜ρKρ
4pi
(∂xφ¯Aρ)
2 +
v˜σKσ
4pi
(∂xφ¯Aσ)
2 (6.1)
where A = R/L specifies the right and left moving sec-
tors. The operator content of the edge theory can be
determined by considering the set of local operators that
couple only to the edge states.
There are two classes of operators: (1) local operators
which act on a single chiral edge. These are “trivial” op-
erators, which describe the creation of integer charges in
the edge states. (2) quasiparticle operators. These are
operators which can not be written locally on a single
chiral edge, but a local operator can describe tunneling
from one edge to the other. The possible quasiparticle
backscattering terms can be constructed by considering
the set of charge neutral local operators that couple the
right and left moving sectors. In general, operators in ei-
ther class will be a product of an operator in the charge
sector, and an operator in the neutral sector. The charge
sector operator determines the charge of the quasiparti-
cle, and is the same as one of the quasiparticle operators
in the strong clustered state. The neutral sector oper-
ators will be described by primary fields of the orbifold
conformal field theory. The structure of these operators
is well known in the conformal field theory literature[26].
Our formulation provides an explicit bosonized represen-
tation for some of these operators that allows many prop-
erties to be simply understood.
We will begin with a discussion of the local operators.
We will then discuss two classes of quasiparticles: quasi-
particles without a twist and quasiparticles with a twist.
1. Local Electron operators
Local operators can be built out of powers of the charge
e electron operators ψ˜R,L defined in (4.36,4.38), which act
on a single chiral sector. The charge e operator may be
factored into charge and neutral sector components as
ψ˜R = e
i2lφ¯ρRΨ+,R. (6.2)
The neutral part is
Ψ+,R = e
ipiNσ/2 cos pφ¯σR (6.3)
We also define
Ψ−,R = Ψ
†
+,R
= cos pφ¯σRe
−ipiNσ/2 (6.4)
= −spe−ipiNσ/2 sin pφ¯σR,
where sp is defined in (5.38). The operator Ψ−,R fits
into the charge −e operator ψ˜†R. Similarly, a charge 2e
operator can be written
ψ2e,R = e
i4lφ¯ρRΘR. (6.5)
The form of Θ can be deduced by forming an operator
product of two Ψ+ operators. By keeping track of the
commutators involving exp(ipiNσ/2) this is found to be
ΘR = e
ipiNσ∂xφ¯σR. (6.6)
In general, a charge Ne local operator can be written
as exp i2lNφρ,R times a neutral sector operator, which
depending on N mod 4 is one of (1,Ψ+,R,ΘR,Ψ−,R).
The operators (1,Ψ+,Θ,Ψ−), which form a Z4 fusion
algebra, are a subset of the primary fields of the orbifold
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theory for odd integer p. It is straightforward to check
that their conformal dimensions ∆ are
∆Ψ± = p/4; ∆Θ = 1. (6.7)
For p = 3, which is the Z4 parafermion point of the
orbifold line, the operators Ψ± and Θ are precisely the
bosonized representation the Z4 parafermion operators
discussed in Ref. 28. In the present approach, this
bosonized form emerges naturally from the coupled wire
model, and is generalized to any odd value of p.
There exists an additional local charge neutral opera-
tor of the form
ΛR ≡ ψ˜†ml,↑ψ˜ml↓ + ψ˜†ml,↓ψ˜ml↑ ∼ cos 2pφ¯σR. (6.8)
This operator appears non trivial in the neutral sec-
tor. However, since it is local (invariant under ↑↔↓)
and charge neutral, it is allowed to appear in the Hamil-
tonian. This dimension p operator should therefore be
considered a descendant of the trivial operator. Combin-
ing this operator with Ψ±R or ΘR yields descendants of
those operators. For instance ΘR × ΛR ∼ sin 2pφ¯σR is a
descendant of Θ with dimension p.
2. Quasiparticle Operators
In addition to the local charge e excitations, there are
additional fractionally charged quasiparticles. These can
not be created locally, but they can tunnel from one edge
to another via a local operator. In the coupled wire
model, these quasiparticle tunneling processes are given
by local backscattering terms on a single wire. A general
local charge 0 operator can be written in terms of our
original bosonic fields in (3.10) as
V = eiN·Φ, (6.9)
where the integer valued vector N satisfies N · t = 0 for
t = (1, 1, 0, 4). Such an operator can be factored into its
charge and neutral components, and will have the form
V = OρOσ = eiQ(φρR−φρL)Oσ. (6.10)
Such an operator describes the backscattering of a charge
qe∗ = Qe/(2l) quasiparticle. In general, such a quasi-
particle involves an operator in the neutral sector. The
distinct operators Oσ in the neutral sector will be iden-
tified with the primary fields of the orbifold CFT. We
will first summarize the quasiparticle types of the orb-
ifold states in terms of the known primary fields of the
orbifold CFT[26]. We will then show how those quasi-
particle operators arise in our bosonized theory.
The primary fields of the orbifold theory for odd inte-
ger p are summarized in Table I. There are three classes
of fields, which include (1) the Z4 fields Ψ± and Θ intro-
duced above, (2) a set of p−1 “fractional” fields Φλ, with
dimension λ2/4p. and (3) a set of four twist fields, which
includes σ± with dimension 1/16 and τ± with dimension
Operator Ref. 26 Dimension Bosonized representation
1 1 0 O1 ∼ 1
Ψ+ φ
1
N p/4 OΨ+ ∼ cos(pφ¯Rσ) cos(pφ¯Lσ)
Ψ− φ2N p/4 OΨ− ∼ sin(pφ¯Rσ) sin(pφ¯Lσ)
Θ j 1 OΘ ∼ ∂xφ¯Rσ∂xφ¯Lσ
Φλ φλ λ
2/4p OΦλ ∼ cos(λ(φ¯Rσ − φ¯Lσ))
σ± σ1,2 1/16 Oσ±
τ± τ1,2 9/16 Oτ± ∼ Oσ±OΘ
TABLE I. Primary fields of the orbifold conformal field the-
ory. All of the operators except the twist fields have a simple
bosonized representation.
9/16. The neutral sector operator a associated with a
given quasiparticle depends on the quasiparticle charge
Q mod 4. We find
Q = 0 mod 4 a= 1,Θ,Φλ=even
Q = 1 mod 4 a= σ+, τ+ (6.11)
Q = 2 mod 4 a= Ψ±,Φλ=odd
Q = 3 mod 4 a= σ−, τ−.
The distinct quasiparticle types are defined for charges
0 ≤ Q < 2l, which leads to a total of l(p+ 7)/2 quasipar-
ticle types.
By examining the possible local charge neutral opera-
tors on a single wire, we now identify the local operators
that backscatter these quasiparticles, and identify the ex-
plicit form of the operators of the orbifold theory. When
expressed in terms of the SU(2) fermions in the rotated
basis, local operators are invariant under the interchange
of ↑ and ↓ spins.
We first consider the quasiparticles that are trivial in
the neutral sector. Consider the local operator (in the
rotated basis)
V0 = (ψ†R↑ψ†R↓)
Q
4 (ψL↑ψL↓)
Q
4 ∼ eiQ(φ¯Rρ−φ¯Lρ) (6.12)
where Q is an integer multiple of 4 identified with (6.11).
This operator tunnels a charge Qe/(2l) quasiparticle.
Since it does not involve φ¯σ, such a quasiparticle can be
combined with any other quasiparticle without changing
its topological class in the neutral sector. It follows that
the allowed topological classes for quasiparticles depends
on Q mod 4.
Consider next a neutral Q = 0 quasiparticle describing
the Θ field. The operator
V1 = (ψ†R↑ψR↑ − ψ†R↓ψR↓)(ψ†L↑ψL↑ − ψ†L↓ψL↓). (6.13)
is local in the rotated basis. While the individual terms
in the product are not invariant under ↑↔↓, the product
is invariant. Expressed in the bosonized variables this
has the form
V1 ≡ OΘ ∼ ∂xφ¯Rσ∂xφ¯Lσ ∼ ΘRΘL (6.14)
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This can be interpreted as an operator that tunnels a
neutral quasiparticle from one edge to the other. Impor-
tantly, Θ by itself not a local operator, so the neutral Θ
quasiparticle is distinct from the identity.
Next consider the local operator
V2 = ψ†R↑ψL↓ + ψ†R↓ψL↑. (6.15)
This has the bosonized form
V2 = ei2(φ¯Rρ−φ¯Lρ) cos p(φ¯Rσ + φ¯Lσ). (6.16)
Using the fact that cos p(φ¯Rσ + φ¯Lσ) =
eippi/4(eipφ¯Rσeipφ¯Lσ + e−ipφ¯Rσe−ipφ¯Lσ ), this can be
written
V2 = ei2(φ¯Rρ−φ¯Lρ)+ippi/4
(
Ψ†+,RΨ+,L −Ψ†−,RΨ−,L
)
.
(6.17)
Though this does not have a factorized form, we will see
below that there exists another local operator
V3 = ei2(φ¯Rρ−φ¯Lρ) cos p(φ¯Rσ − φ¯Lσ). (6.18)
V3 has a similar form as (6.17), except with a plus sign:
V3 = ei2(φ¯Rρ−φ¯Lρ)+ippi/4
(
Ψ†+,RΨ+,L + Ψ
†
−,RΨ−,L
)
.
(6.19)
It follows that the combination of the two defines a local
tunneling term for a Q = 2 (charge 2e∗ = e/l) quasipar-
ticle, with local tunneling operators
OΨ± = Ψ†±RΨ±L. (6.20)
Due to the existence of the neutral non-trivial quasi-
particle Θ there are two distinct quasi-particles of this
type for each charge 2e∗q and 0 < q ≤ l.
We next identify the class of quasiparticles associated
with the fractional fields Φλ. Consider a charge neutral
local operator of the form
VQ,n4 = (ψ†R↑)
Q
2 +n(ψR↓)n(ψ
†
L↓)
n(ψL↑)
Q
2 +n
+ (ψ†R↓)
Q
2 +n(ψR↑)n(ψ
†
L↑)
n(ψL↓)
Q
2 +n (6.21)
where Q is an even integer, to be identified with
(6.11,6.12). In boson variables this has the form,
VQ,n4 = eiQ(φ¯Rρ−φ¯Lρ) cos(
Q
2
+ 2n)(φ¯Rσ − φ¯Lσ) (6.22)
We will identify these operators with the tunneling of
charge Qe∗ = Qe/(2l) quasiparticle associated with the
primary fields Φλ of the orbifold theory, given by
OΦλ = cosλ(φ¯Rσ − φ¯Lσ). (6.23)
For Q = 0 mod 4 λ will be even, while for Q = 2 mod
4 λ will be odd. It can be seen that Φ−λ = Φλ, so
only positive values of λ are independent. Moreover, for
λ = p, OΦp is the operator promised in (6.18), which is a
combination of OΨ± . Thus, there are p− 1 independent
values λ = 1, 2, ..., p− 1.
The operators OΦλ can not be factored into a prod-
uct of right and left moving operators. Our inability
to factorize this operator is an indication that Φλ is a
non-Abelian quasiparticle with multiple fusion channels.
Nonetheless, our bosonized representation of the tunnel-
ing operator allows us to understand properties of the
Φλ operators in the orbifold CFT. The dimension of Φλ
follows from (6.23), and is given by ∆(Φλ) = λ
2/4p. Con-
sidering a product of operators Oλ×Oλ′ we can conclude
that Φλ obeys a non Abelian fusion algebra,
Φλ × Φλ′ = Φλ+λ′ + Φλ−λ′ (6.24)
as long as λ ± λ′ 6= 0, p. This may be viewed as a con-
sequence of a simple trigonometric formula. The case
where λ±λ′ = 0 or p is slightly more subtle. Were these
Luttinger liquid operators, rather than orbifold ones, we
would expect the case λ = ±λ′ to result in a fusion to the
identity, to Φ2λ and to their descendants. The descen-
dants would then include ∂xφR∂xφl. Due to the orbifold
constraint, this is not a descendant of the identity, and
should be taken into account as a separate fusion prod-
uct.
The final set of quasiparticles to consider are those in
the twisted sector. These may be constructed from the
local operators
VQ5 ∼ eiQθ4(x) = eiQ(φ¯Rρ−φ¯Lρ)Oσ1Q (6.25)
VQ6 ∼ eiQθ4(x)V1 = eiQ(φ¯Rρ−φ¯Lρ)Oσ2Q (6.26)
where Q is an odd integer identified with (6.11,6.12) and
the neutral quasiparticle operator V1 is given in (6.14).
For p = 1, Oσ1Q has a simple representation in the unro-
tated basis: eiQ(φσR−φσL)/4. These are associated with
Oσ1Q = (σ+Rσ−L , τ−R τ+L , τ+R τ−L , σ−Rσ+L ) for Q = (1, 3, 5, 7)
mod 8. Since these can be combined with the neutral
quasiparticle V1 in (6.14) (which in the unrotated basis
involves e±i(φσR−φσL)) and the trivial quasiparticle V0 in
(6.12), we have Oσ2Q ∼ Oσ1Q±4. Thus, quasiparticles tun-
neling operators with Q = 1 mod 4 will be associated
with σ+Rσ
−
L or τ
+
R τ
−
L , while operators with Q = 3 mod 4
will be associated with σ−Rσ
+
L or τ
−
R τ
+
L .
For p > 1, there is no longer a simple bosonized repre-
sentation for the twist operators. Nonetheless, since the
twist operators in the orbifold theory retain their iden-
tity independent of the orbifold radius (or p), we expect
the above identification to remain valid. The only com-
plication is that operators differing by V1 can no longer
be distinguished. Thus,
Oσ1Q =
{
a σ+Rσ
−
L + b τ
+
R τ
−
L Q = 1 mod 4
a σ−Rσ
+
L + b τ
−
R τ
+
L Q = 3 mod 4
(6.27)
where a and b are numerical coefficients. We note that
σ± and τ± are related by the neutral quasiparticle Θ:
τ± = Θσ±. It follows that Oσ2Q = Oσ1Q OΘ has the same
form as (6.27) with σ and τ interchanged.
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B. Bulk Quasiparticle Structure
We now consider the structure of the quasiparticle exci-
tations from the point of view of the bulk. In the coupled
wire model, bulk quasiparticles are described by kinks in
the fields θ¯ρ defined on the links between wires, as well
as corresponding excitations of the neutral sector.
The structure of the bulk quasiparticle excitations can
be characterized by specifying the set of distinct quasi-
particle sectors a, along with data including their quan-
tum dimension, their topological spin, as well as their
braiding statistics. This data can be summarized by the
topological S and T matrices[39, 40]. The T matrix char-
acterizes the effect of a 2pi rotation, and is given by
Tab = δabe2pii(ha−c/24) (6.28)
where ha is the dimension of the quasiparticle operator,
which we determined in the previous section using the
edge state theory. In our theory the central charge is
c = 2, including both the charge and neutral sectors.
The matrix S is a symmetric matrix, where the ele-
ment Sab characterizes quasiparticles a and b with linked
world lines. It includes information about both the quan-
tum dimensions da, which characterize the multiplicity of
fusion channels of the quasiparticles, as well as the mon-
odromy matrixMab, which characterizes the interference
between quasiparticles, and is directly measured by inter-
ferometry using double point contacts. They are related
by
Sab =Mabdadb/D (6.29)
where the total quantum dimension satisfies D2 = ∑a d2a.
Further properties of the quasiparticles, such as the fu-
sion coefficients, can be constructed from the S matrix.
We will now show that da andMab can be determined
in our theory by considering a long cylinder, which can
be modeled as a single wire with left and right moving
chiral modes coupled by electron tunneling.
1. Quasiparticles and Kinks
We consider a cylinder modeled by a single wire with
right and left movers locked by the electron tunneling
term, which as in (5.39) takes the form,
V = −4t(cos 2lθ¯ρ cos pθ¯σ − sp sin 2lθ¯ρ cos pϕ¯σ). (6.30)
This potential has several minima, which correspond to
different topological sectors for the ends of the cylinder.
The minima occur at
θ¯ρ = θ
∗
ρ,Q = Q
pi
4l
(6.31)
for integer Q. When Q is an even integer, θ¯σ is pinned
at
θ¯σ = θ
∗
σ,m = m
pi
p
. (6.32)
m is even (odd) for Q = 0 mod 4 (Q = 2 mod 4). When
Q is an odd integer, ϕ¯σ is pinned at
ϕ¯σ = ϕ
∗
σ,n = n
pi
p
. (6.33)
where n is even (odd) for Q − p = 0 mod 4 (Q − p = 2
mod 4).
Let us suppose that the starting state of the cylinder,
in the trivial state at the end is given by
|11¯〉 = |θ∗ρ,0〉 ⊗ |θ∗σ,0〉. (6.34)
Creating a quasiparticle-antiquasiparticle pair out of the
vacuum then amounts to making kinks in θ¯ρ and θ¯σ (or
ϕ¯σ). Between a and a¯ the cosine potential is pinned at a
different value. For a quasiparticle with charge Qe/(2l)
the charge sector between the two quasiparticles will be
|θ∗ρ,Q〉 (6.35)
Depending on Q there are allowed minima for θ¯σ or ϕ¯σ,
which correspond to different topological sectors in the
neutral sector. These can be identified with primary
fields of the orbifold theory.
First, consider sectors without kinks.
|(11¯)〉 = |θ∗σ,0〉,
|(ΘΘ¯)〉 = |θ∗σ,0〉′. (6.36)
The difference between |θ∗σ,0〉 and |θ∗σ,0〉′ is that Θ in-
volves the operator ∂xφ, which is odd under the orbifold
symmetry φ → −φ. Though there is no kink in θ¯σ this
operator can be “seen” by the twist operators, which take
φ to −φ.
For the a = Ψ± we have
|(Ψ+Ψ¯+)〉 = |θ∗σ,n=p〉 (6.37)
|(Ψ−Ψ¯−)〉 = |θ∗σ,n=p〉′ (6.38)
Note that θ∗σ,p = θ
∗
σ,−p mod 2pi. Again, the difference
between Ψ+ and Ψ− is the symmetry under the orbifold
symmetry. Ψ+(−) is a superposition of +pi and −pi kinks
with relative phase +i(−i).
For the Φk operators,
|(ΦkΦ¯k)〉 = 1√
2
(|θ∗σ,k〉+ |θ∗σ,−k〉) (6.39)
Here, note that because the state must be symmetric un-
der φ→ −φ, the state is a superposition of two different
kinks, which are physically distinct from one another.
Were it not for the orbifold constraint, a local measure-
ment would have been able to measure the local value of
θ∗, distinguish between the two components of the su-
perposition, and thus lead to its decoherence. However,
due to the constraints that the orbifold theory imposes
on the allowed operators, such an operator does not ex-
ist. This superposition indicates a non trivial quantum
dimension, as detailed below.
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FIG. 3. A long cylinder modeled by a single wire with right
and left moving modes coupled by electron tunneling as in
(6.30). Bulk quasiparticles are described by kinks in θ¯ρ, θ¯σ
and ϕ¯σ. In (a) two pairs of quasiparticles (aa¯) are created and
recombined in the opposite order, allowing determination of
the quantum dimension da. In (b) a quasiparticle pair (aa¯)
is created and a second pair (bb¯) goes around the cylinder,
allowing the determination of the monodromy matrix Mab.
Finally, for the twist operators ϕ¯σ will be pinned at one
of the p minima of ±sp cos pϕσ. One of these minima will
be at either ϕσ = 0 or ϕσ = pi (depending on sp and Q).
The other p− 1 minima will be a multiple of 2pi/p away.
Since ∆θσ ≡ θσ(L) − θσ(0) = 0 and [∆θσ, ϕσ] = 2pii/p,
the states can not be simultaneously specified by ϕσ and
θσ. We can write the quasiparticle-antiquasiparticle pair
that comes from the identity in two different bases:
|(σ±σ¯±)〉 = |θ∗σ,0; . ; θ∗σ,0〉 (6.40)
=
1√
p
p−1
2∑
m=− p−12
| . ;ϕ∗σ,msp ; . 〉 (6.41)
(6.42)
|(τ±τ¯±)〉 can be expressed similarly, and as in (6.36) is
distinguished by how it transforms under the orbifold
symmetry.
2. Quantum Dimensions
The quantum dimension da may be determined by the
following construction. Create two sets of quasiparticle-
anti quasiparticle pairs a, a¯, and then bring the mid-
dle pair together followed by bringing the outer pair to-
gether. If a and a¯ have multiple fusion channels, then
they need not fuse to the identity. The probability am-
plitude that the system returns to the ground state will
be given by 1/da. Equivalently, if we define |(a¯a)(a¯a)〉
as the state where two separated pairs are created from
the identity, and |(a¯(aa¯)a)〉 as the state where the second
pair (aa¯) is created between the first pair (a¯a), then
da = |〈(a(a¯a)a¯)|(aa¯)(aa¯)〉|−1. (6.43)
We now consider the construction where we create two
aa¯ pairs as in Fig. 3(a) and annihilate them in the oppo-
site order. For a = 1, ψ±,Θ, each a¯a pair defines a pure
state, so the amplitude to get back to the ground state
is 1, and da = 1.
For a = φk, we can write the state with two pairs as
(suppressing the σ subscript for brevity)
|(φkφ¯k)(φkφ¯k)〉 = 1
2
(|θ∗k; θ∗0 ; θ∗k〉+ |θ∗−k; θ∗0 ; θ∗k; 〉(6.44)
+ |θ∗k; θ∗0 ; θ∗−k〉+ |θ∗−k; θ∗0 ; θ∗−k; 〉)
On the other hand, the state with the quasiparticles
paired in the opposite order will be
|(φk(φ¯kφk)φ¯k)〉 = 1
2
(|θ∗k; θ∗0 ; θ∗k〉+ |θ∗k; θ∗2kθ∗k; 〉 (6.45)
+ |θ∗−k; θ∗0 ; θ∗−k〉+ |θ∗−k; θ∗−2k; θ∗−k; 〉)
It can be seen that the overlap is 1/2, so
dφk = 2. (6.46)
Finally, for the twist quasiparticles, ϕσ is pinned within
each pair, but θσ is pinned between the pairs. Since these
operators do not commute with one another, they can not
be simultaneously specified. The state can be expressed
either in a basis of eigenstates of θρ or of the two ϕσ’s.
For the first ordering we have,
|(σ+σ¯+)(σ+σ¯+)〉 =|·; θ∗0 ; ·〉
=
1
p
∑
mn
|ϕ∗msp ; ·;ϕ∗nsp〉 (6.47)
For the other order, the second pair of quasiparticles with
θσ pinned sits between ϕσ eigenstates with ∆ϕ = 0, lead-
ing to an equal amplitude superposition of the θ∗m states,
|(σ+(σ¯+σ+)σ¯+)〉 = 1√
p
∑
m
|ϕ∗msp ; ·;ϕ∗msp〉
=
1√
p
∑
m
|·; θ∗m; ·〉 (6.48)
The overlap is 1/
√
p, and a similar result is obtained
for the other twist quasiparticles. We thus conclude
dσ± = dτ± =
√
p. (6.49)
This quantum dimension is reminiscent of that of the
Zp parafermions found on counter-propagating ν = ±1/p
edge modes gapped in an alternating way by super-
conductors and normal backscattering. In that case,
however, the presence of Cooper-pairs makes the Zp
parafermion occur always with a Z2 Majorana zero mode.
3. Monodromy Matrix
To determine the monodromy matrix Mab we create a
quasiparticle-antiquasiparticle pair a, a¯. Then, between a
and a¯ we create a pair b, b¯ and take b around the cylinder.
Mab compares the probability amplitude for b and b¯ to
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fuse to the identity when taken around a to that with
a = 1.
Mab = 〈(aa¯)|Ob|(aa¯)〉〈(11¯)|Ob|(11¯)〉 (6.50)
Obviously for b = 1, Ma1 = 1. Consider next terms
with b = ψ±. The operator Oψ± = (Ψ±L )†Ψ±R can be
evaluated using the analysis that led to (5.37) to be
Oψ± = cos pθσ + isp sin pϕσ (6.51)
We then simply evaluate the expectation value of this
operator at the appropriate minimum, characterized by
θ∗m or ϕ
∗
nsp . For the non twist operators we find
M1ψ± = Mψ±Θ = 1
Mψ+ψ± = Mψ±ψ− = −1 (6.52)
Mφkψ± = (−1)k
For the twist operator we find,
Mσ+ψ± = Mτ+ψ± = ±isp
Mσ−ψ± = Mτ−ψ± = ∓isp (6.53)
For b = Θ, OΘ = ∂xφσ,R∂xφσ,L. It follows that for the
non twist operators (where θσ = φσ,R − φσ,L is pinned)
∂xφσ,R = ∂xφσ,L, so Θ is unaffected when taken around
the cylinder. In contrast, for the twist operators (where
ϕσ = φσ,R + φσ,L is pinned) ∂xφσ,R = −∂xφσ,L, so Θ
changes sign when taken around the cylinder. We thus
conclude that
M1Θ =Mψ±Θ =MΘΘ =MφkΘ = 1,
Mσ±Θ =Mτ±Θ = −1. (6.54)
For b = φk, Oφk = cos kθσ. For the non twist opera-
tors,
M1φk =MΘφk = 1
Mψ±φk = (−1)k (6.55)
Mφk′φk = cospikk′/p.
For the twist operators, since ϕσ is pinned,
Mσ±φk =Mτ±φk = 0. (6.56)
It remains to determine the “twist-twist” components
of Mab. Since our bosonization approach does not pro-
vide an explicit formula for the twist operators when
p > 1 we do not have a simple calculation for these terms.
Nonetheless, the S matrix for the orbifold theory is well
known in the conformal field theory literature[26]. Here
we will use that result and point out a minor subtlety
associated with the S matrix derived in Ref. 26.
The S matrix is shown in Table II. It can be seen
that for all of the entries that involve a non-twist field, it
agrees with our calculation of da and Mab using (6.29).
It is equivalent to the S matrix quoted in Ref. 26 (which
we will call SDV V V ), except for the presence of the fac-
tors sp, which are −1 for p = 1 mod 4 and +1 for p = 3
1 Θ ψs φk σs τs
1 1 1 1 2
√
p
√
p
Θ 1 1 1 2 −√p −√p
ψs
′
1 1 −1 2(−1)k iss′sp√p iss′sp√p
φk
′
2 2 2(−1)k′ 4 cos pikk′
p
0 0
σs
′ √
p −√p iss′sp√p 0 √peipi4 ss′sp −√peipi4 ss′sp
τs
′ √
p −√p iss′sp√p 0 −√peipi4 ss′sp √peipi4 ss′sp
TABLE II. S-matrix. s and s′ are ±1, and k = 1, ..., p− 1.
mod 4. This changes the sign of the imaginary part of S
when p = 1 mod 4, so that
SDV V V =
{
S∗ p = 1 mod 4
S p = 3 mod 4. (6.57)
The S matrix defined in Table II, along with the T ma-
trix defined in (6.28) satisfy the general constraint of
modular invariance[22, 40] (ST )3 = C, where C is the
charge conjugation matrix, which takes particles to an-
tiparticles. When p = 1 mod 4, this relation is not sat-
isfied by SDV V V , but rather by S∗DV V V . In this case,
(SDV V V T )3 = 1, which can be seen by noting that
S∗ = CS.
The minor modification S → S∗ could be viewed as
book keeping, since in general S∗ describes a time re-
versed system that has edge states that propagate in the
opposite direction but is otherwise the same. However,
time reversal also takes T → T ∗, so to be consistent
TDV V V (which is not displayed in Ref. 26) would have
to be TDV V V = T ∗ for p = 1 mod 4. Since in princi-
ple both S and T are measurable, this distinction has
physical consequence.
VII. DISCUSSION
In this concluding section we will begin by discussing
two special cases of the orbifold theory that can be un-
derstood using simpler methods. We will then conclude
with some comments on extensions and open problems.
A. Special Cases
It is well known[26] that the orbifold theory at p = 1
corresponds to an Abelian U(1)8 theory, and that the
theory at p = 3 corresponds to the Z4 parafermion the-
ory, which can be represented as a SU(4)4/U(1) coset. In
this section we show how these facts can be understood
in our coupled wire construction. These interconnections,
which were also noted in Ref. 27, provide deeper insight
into the nature of the orbifold states.
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1. p=1: Abelian States
For p = 1, the solvable point, where the charge e tun-
neling operators defined in (5.23) are purely chiral corre-
sponds to the point g˜σ = 4 in (5.27). From (4.31) it can
be seen that this corresponds to λσ = 0 in (4.30,4.6) and
u = 0 in (4.5). Thus, for p = 1, the nonlinear term in
the unrotated basis vanishes, so the theory is equivalent
to the coupled wire model for a two component Abelian
fractional quantum Hall state defined at filling factor
ν = 2/l, (7.1)
where l = 2m− 1 for odd integers, m, so that
l = ...,−3, 1, 5, 7, ... (7.2)
This Abelian state can be understood in two ways. In the
unrotated basis, the analysis is similar to that in Section
II.D of Ref. 2 and leads to an Abelian theory with a
2× 2 K matrix. This Abelian theory can be interpreted
as a constrained product of an Abelian charge sector with
K = 4l and a Abelian neutral sector with K = 8. In the
rotated basis, the charge sector is unchanged, but the
K = 8 theory is replaced by the orbifold theory at p = 1.
Here we present the translation between those two points
of view by first describing the Abelian theory and then
comparing it to the orbifold theory.
The elementary local operators for the edge states are
the chiral charge e and charge 4e operators, which are
determined by (3.13) and (3.15) with L = 4l and M = l.
They may be written in the canonical form
ψe,R/L = e
i
∑
bK1bφ¯b,R/L (7.3)
Ψ4e,R/L = e
i
∑
bK2bφ¯b,R/L , (7.4)
where the 2 × 2 K matrix will be determined by the
relation[
∂xφ¯a,A(x), φ¯b,A′(x
′)
]
= 2piiτzAA′K
−1
ab δ(x− x′). (7.5)
The fields in the exponents have the form
2∑
b=1
Kabφ¯A,b =
4∑
k=1
MAakΦk, (7.6)
where A = R/L and Φk = (φ1R, φ1L, ϕ4, θ4) are the ele-
mentary fields defined in (3.10). Using (3.13) and (3.15),
M
R/L
ak can be determined to be MRak
MLak
 =

(3 + l)/4 (1− l)/4 0 l
l −l 1 4l
(1− l)/4 (3 + l)/4 0 −l
−l l 1 −4l
 , (7.7)
where again we note that m = (1+ l)/2 is an odd integer.
Using the commutation relations obeyed by Φk, Eq. 7.5
follows with
K =
(
(l + 1)/2 2l
2l 8l
)
. (7.8)
In terms of these fields the chiral charge density is given
by ρR = e
∑
a ta∂xφ¯a,R/(2pi), with the charge vector
t = (1, 4)T . It can be checked that the filling factor
satisfies ν = tT · K−1 · t. Interestingly, the electronic
contribution to the filling factor, which is te
TK−1t with
te = (1, 0)
T , vanishes. This is in accordance with our as-
sumption that the single wires are at their critical point,
at which the density of single electrons vanishes. Despite
their vanishing density, the presence of electrons as local
degrees of freedom makes the state different from that of
bosonic 4e-clusters.
Quasiparticle operators are given by exp(i
∑
a naφ¯a),
where na is an integer valued vector. The number of
independent quasiparticle sectors (and hence the ground
state degeneracy on a torus) is determined by Det(K) =
4l. The smallest charge quasi-particle has a charge 1/2l
and there are two topologically different quasi-particles
at each charge j/2l, with j = 1, ..., 2l. The two identical-
charge quasi-particles may be transformed to one another
by fusion with a neutral quasi-particle for which n =
(1, 0)T . This quasi-particle has bosonic self statistics, but
accumulates a phase pij when encircling a quasi-particle
of charge j/2l.
To make contact with the representation of the sys-
tem in terms of the SU(2) fermions, it is instructive
to transform from the fields φ¯ to the bosonic fields
φ↑,R(L), φ↓,R(L) that describe the SU(2) fermions. We
carry out the following transformation (focusing on the
right-moving edge)
φ¯1,R = φ↑R − φ↓R
φ¯2,R =
1
2
φ↓R. (7.9)
Under this transformation the K-matrix becomes
K˜ =
(
(l + 1)/2 (l − 1)/2
(l − 1)/2 (l + 1)/2
)
, (7.10)
while the charge vector becomes t˜ = (1, 1). This K-
matrix and charge vector correspond to a fractional quan-
tum Hall state of spinful composite fermions at filling
factor 2. In this state the composite fermions fill one
up-spin and one down-spin Landau levels. The transfor-
mation to the composite fermions is carried out by the
attachment of the even number m − 1 = (l − 1)/2 flux
quanta to each fermion. The new K-matrix and charge
vector should, however, be used with caution. The trans-
formation (7.9) has a determinant of 1/2. As such, the
ground state degeneracy is 4 det K˜, and the charge of
the lowest quasi-particle charge is e∗/e = 12minl l
T K˜−1t˜,
with l being integer valued vectors.
Following through this transformation, we can describe
all quasiparticles in terms of the SU(2) fermions. This
is easiest to exemplify on the l = 1 case, corresponding
to ν = 2. Quasiparticles must be local with respect to
the electron, i.e., must accumulate an integer number
of 2pi phase when encircling the electron. The electron
creation operator, describing a local degree of freedom
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of charge one, must be composed of an even number of
spin-down fermion operators and an odd number of spin-
up fermion operators. The exclusion of an odd number
of spin-down fermions from the physical Hilbert space,
which is the crucial difference between the problem we
deal with and “conventional” chiral fermions, allows for
an operator of half a spin down fermion to be local with
respect to the electron, and hence be a quasi-particle (as
indeed shown by the second line of Eq. (7.9)). Thus, to
be local with respect to the electron an excitation needs
to have any number of half-integer spin down fermions,
and an integer number of spin-up fermions. There are
eight topologically distinct excitations of this type, with
the number of spin-down fermions being 0, 1/2, 1, 3/2 and
the number of spin-up ones being 0, 1. The neutral quasi-
particle that is topologically distinct from the vacuum is
a charge-zero spin-one quasi-particle, namely a spin-up
fermion with a spin-down hole. In the SU(2) fermions
language in the unrotated basis, the topologically non-
trivial nature of this excitation is a consequence of its
violation of the constraint that forces an even number of
spin-down fermions on each wire.
To make contact with the orbifold description it is use-
ful to recast the K matrix in the charge-neutral basis. To
this end, we express the elementary operators in terms
of
φ¯ρ,R/L = φ1,R/L/4 + φ2,R/L (7.11)
φ¯σ,R/L = φ1,R/L/4, (7.12)
In the language of the SU(2) fermions, the smallest local
object in the charge sector is composed of two pairs of
fermions in a singlet state (total charge 4), described by
ei8φ¯ρ,R/L . The smallest local object in the spin sector is
composed of two charge-zero spin-1 excitations, described
by ei8φ¯σ,R/L . In each case, locality requires an operator
to have an even number of spin down creation operators.
An electron is a product of a quarter of the local charge
and spin excitations.
In the charge-spin (ρσ) basis
K(ρσ) =
(
8l 0
0 8
)
(7.13)
In this representation, the charge sector is described by
an Abelian theory with Kρ = 8l, while the neutral sec-
tor is the Abelian theory with Kσ = 8. Importantly,
however, the charge and neutral sectors are not indepen-
dent. The above transformation involves a factor of 1/4,
so that operators of the form
Onρ,nσ = e
inρφ¯ρ+nσφ¯σ (7.14)
correspond to physical charge nρe/2l quasiparticle oper-
ators only if nρ + nσ is a multiple of 4. Moreover, the
local charge e and 4e operators are given by
ψe,R/L ∼ ei2lφ¯ρ,R/L+2φ¯σ,R/L
Ψ4e,R/L ∼ ei8lφ¯ρ,R/L (7.15)
4-4
-4
4
nρ
nσ
FIG. 4. Quasiparticles of the ν = 2 state with p = l = 1 in
the unrotated basis. The quasiparticles can be viewed as a
combination charge and neutral operators, each described by
Abelian K = 8 theories with nρ,σ defined modulo 8, subject
to the constraint that nρ + nσ is a multiple of 4. The local
operators built from the charge e and charge 4e operators
in (7.15) are indicated by the open circles. This leaves 4
independent quasiparticle types, as indicated by the dashed
rectangle.
It follows that the distinct quasiparticle types can be
identified with −l ≤ nρ < l, and nσ = −nρ mod 8 or
nσ = 4 − nρ mod 8. This gives a total of 4l distinct
quasiparticle types in agreement with the above count.
The lattice of quasiparticle sectors for the special case
l = 1 (ν = 2) is indicated in Fig. 4.
In general, quasiparticle operators are characterized by
their scaling dimension - or equivalently topological spin.
When decomposed into charge and neutral components,
we write
∆ = ∆ρ + ∆σ (7.16)
with
∆ρ =
n2ρ
16l
; ∆σ =
n2σ
16
. (7.17)
In particular, the neutral sector is characterized by the
“K = 8” (or U(1)8) theory with 8 independent primary
fields indexed by nσ modulo 8. The Table III lists these
neutral primary fields with dimension ∆σ, and identifies
them with the primary fields of the orbifold theory dis-
cussed below.
Finally, we note that bulk quasiparticles can be de-
scribed as kinks in the pinned bulk bosonic fields defined
on the links between wires. The tunneling terms can be
written in the form
H4T = t4 cos 8lθ¯i+1/2 (7.18)
H1T = t1 cos(2lθ¯ρ,i+1/2 + 2θ¯σ,i+1/2) (7.19)
where θ¯ρ/σ,i+1/2 = φ¯R,ρ/σ,i+1 − φ¯L,ρ/σ,i. As a function
of θ¯ρ,i+1/2 and θ¯σ,i+1/2 this leads to a periodic potential
with minima with the pattern shown in Fig. 4, provided
we identify θρ = 2pinρ/(8l) and θσ = 2pinσ/8. The kinks
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nσ −3 −2 −1 0 1 2 3 4
Oσ τ+ ψ− σ− 1 σ+ ψ+ τ− Θ
∆σ 9/16 1/4 1/16 0 1/16 1/4 9/16 1
TABLE III. Primary fields of the neutral sector with dimen-
sion ∆σ in the unrotated and the rotated basis. In the unro-
tated basis, described by an Abelian U(1)8 theory are indexed
by nσ modulo 8. In the rotated basis, the same fields are iden-
tified as primary fields Oσ of the p = 1 orbifold theory.
1 ψ+ψ- Θ
σ- τ-τ+ σ+
Θ
Φ1 Φ2Φ2 Φ1 Φ2
1ψ-Θ1 ψ+
σ-τ+τ-σ+
l
m0 1 2 3 4-1-2-3-4
1
2
3
4
FIG. 5. Brattelli diagram of the quasi-particles in the p = 3
state, which corresponds to the k = 4 Read-Rezayi state de-
scribed by the Z4 parafermion theory, SU(2)4/U(1). The
quasiparticles are indexed by the integers m and l. m, defined
modulo 8 plays a role similar to nσ above, and is determined
by the quasiparticle charge. l identifies distinct quasiparticle
types for a given charge. The fusion outcomes of any quasi-
particle with σ+ can be deduced by moving one step up or
down and to the right.
that connect those minima are then precisely the charge
nρ/2l quasiparticles.
The SU(2) rotation introduced in Section IV B does
not affect the charge sector, while the neutral sector is
affected through a rotation of the spin-axis by pi/2. After
the rotation the various quasi-particles may be identified
with their orbifold counterparts, as shown in Table III.
2. p = 3: the k = 4 Read Rezayi State
The case of p = 3 is one of the Read-Rezayi series
of non-Abelian states that are based on electron cluster-
ing. The Read-Rezayi series is composed of the states
ν = k/(mk + 2), where k is an integer that signifies the
number of electrons in a cluster and m is an odd in-
teger (similar states may be constructed for bosons, in
which case m is even). For k = 4 the Read-Rezayi se-
ries is given by Eq. (5.32). The quasi-particles found
by identifying the Z4 parafermion CFT of the Read-
Rezayi approach are identical to those found using our
approach. Each quasi-particle is a product of a vertex
operator in a free boson charged mode and an operator
that acts on a neutral mode. The latter are commonly
described by the notation Φlm in which l = 0, ..., 4, the in-
dices l+m = 0 (mod 2), and the following identifications
Φlm ≡ Φlm+8 ≡ Φ4−lm−4. The Z4 parafermion fields, which
in our notation are 1, Ψ+,Θ,Ψ− are here Φ02j , where
j = 0, 1, 2, 3 respectively. The twist operators are identi-
fied in the following way σ± = Φ1±1, and τ
± = φ3±1. The
two remaining fields are Φλ=1 = Φ
2
2 and Φλ=2 = Φ
2
0. The
fusion rules of the various quasi-particles are described
by the Brattelli diagram (see Fig. 5) and reproduce the
fusion rules of the p = 3 orbifold theory.
B. Concluding remarks
In this paper we have introduced a coupled wire model
for the Z4 orbifold quantum Hall states, based on a the-
ory of clustering of electrons into charge 4e bosons. On a
single wire we employ a mapping to the critical point of
the four-state clock model, which exhibits a line of crit-
ical points described by the orbifold CFT. Coupling the
wires together to form gapped quantum Hall states leads
to a sequence of quantum Hall states with an Abelian
charge sector coupled to a neutral sector described by
the orbifold CFT at a set of discrete radii parametrized
by the odd integer p. For each odd integer p we iden-
tify a solvable theory in which the interactions are tuned
to make the electron operators on each wire purely chi-
ral, so that nearest neighbor tunneling, when relevant,
necessarily opens a gap.
As discussed in the previous section, p = 1 is equiv-
alent to an Abelian state, while p = 3 is equivalent to
the Z4 parafermion Read-Rezayi state. Larger odd val-
ues of p define a set of quantum Hall states that retain
the Z4 character, but have additional quasiparticle types
Φλ. This sequence of orbifold states characterized by the
odd integer p has a structure reminiscent of the Laugh-
lin sequence at ν = 1/m for odd integer m, which has
a similar quasiparticle structure. The difference is that
the orbifold states feature the additional twist operators,
which lead to a richer non-Abelian structure.
In this paper we have focused exclusively on the orb-
ifold states defined for odd integers p. When p is even,
our construction breaks down because when l = 2m − p
is even the electron operator ψml in Eq. 4.24 necessarily
involves the twist operators σRσL. Since the twist op-
erators retain their identity independent of the orbifold
radius, it is not possible to add a forward scattering inter-
action that modifies the orbifold radius and makes ψml
a purely chiral operator. Thus, though it is possible for
even p to write an electron tunneling term that involves
the twist operators, we are not able to find a solvable
point with an energy gap. It seems unlikely that such a
Hamiltonian would lead to a gapped quantum Hall state.
This leads to interesting questions for further inquiry.
One question is what is the nature of the ground state
of a clustered coupled wire model with even p, when the
electron tunneling operator involves the twist operators.
If it is not a gapped quantum Hall state, then perhaps it
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is an interesting gapless state.
Secondly, one can ask whether quantum Hall states
characterized by orbifold conformal field theories with
even p are possible. The answer to this is certainly yes.
As noted in Ref. 26, the orbifold theory is a well defined
rational CFT when p is even. This led Barkeshli and
Wen[27] to propose even p orbifold states. However, the
fusion rules for even p have a different form than for
odd p, and have a Z2 × Z2 structure, rather than a Z4
structure. It therefore seems likely that the physics of
the even p orbifold states is not based on clustering of
charge 4e bosons, but rather involves pairs of charge 2e
bosons. Analysis of these states will be left for future
work.
A further direction is to ask whether the insights
gained from the orbifold theory can be applied to clus-
tered states with k 6= 4. One interesting approach is
the  expansion in Ref. 41, which identified parafermion
critical points in an expansion about k = 4 + .
Overall, our work demonstrates the power of the cou-
pled wire approach as a tool to generate gapped quantum
Hall states and study their topological properties. This
tool complements methods employing tools such as an-
alytic single particle wave functions, Jack Polynomials
and the thin torus limit [42].
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Appendix A: Relevant Electron Tunneling Operators
In Section V B we observed that the electron operators
ψ˜†ml defined in (5.23) have dimension ∆ = ∆ρ + ∆σ with
∆ρ = |l|/4 and ∆σ = p/4. Without interactions, the elec-
tron tunneling term will be irrelevant when 2∆ > 2. By
introducing a local interaction term (5.18) proportional
to ∂xφ¯i,ρ,R∂xφ¯i+1,ρ,L we argued that ∆ρ can be made
arbitrarily small. However, the corresponding operator
in the neutral sector, ∂xφ¯i,σ,R∂xφ¯i+1,σ,L, which has the
form (6.14), is not a local operator. This raises the ques-
tion of whether the tunneling operator can be relevant
when p > 3.
Here we show that there is indeed a local operator
that will reduce ∆σ, so that 2∆ < 2, but that operator
necessarily also involves the charge sector. Consider the
charge 2e operator introduced in (6.5), which is derived
from (ψ˜†ml)
2. In the bosonized representation this has the
form
ψ2e,R ∼ eipiNσei4lφ¯ρR∂xφ¯σR. (A1)
This motivates us to introduce a charge 2e tunneling term
of the form
H′int,i+1/2 = λ cos 4lθ¯i+1/2,ρ∂xφ¯i,σRφ¯i+1,σL. (A2)
When t4 is relevant and flows to strong coupling, then
θ¯i+1/2,ρ is pinned at piQ/4l, where Q is an integer. This
leads to an effective interaction in the spin sector of the
form
H′int,i+1/2 = λ(−1)Q∂xφ¯i,σRφ¯i+1,σL. (A3)
For fixed Q, this leads to a modification of the dimension
∆σ. Note that the sign of the interaction depends on
Q. This reflects the fact that when Q → Q + 1, the
spin sector, cos(pθ¯σ) and cos(pϕ¯σ) are interchanged in
(5.40). Changing the sign of the interaction takes gσ →
1/gσ, which interchanges the dimensions of cos(pθ¯σ) and
cos(pϕ¯σ).
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